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  ﺍﻟﺨﻼﺼﺔ
  
ﺍﻟﻬﺩﻑ ﻤﻥ ﻫﺫﺍ ﺍﻟﺒﺤﺙ ﻫﻭ ﺩﺭﺍﺴﺔ ﺍﻻﻓﺘﺭﺍﻀﺎﺕ ﻓﻲ ﻨﻅﺭﻴﺔ ﺨﻁ ﺍﻟﺨﻀﻭﻉ ﻓﻲ ﺍﻟﺒﻼﻁﺎﺕ ﻭﺍﺴﺘﺨﺩﺍﻤﻬﺎ ﻓﻲ 
  (. ﺤﺔ ﻁ ﺒﻼﻁﺎﺕ ﻤﺴ–ﺫﺍﺕ ﺍﻻﺒﻴﺎﻡ  ﺒﻼﻁﺎﺕ )ﺃﻨﻭﺍﻋﻬﺎ ﻟﻠﺒﻼﻁﺎﺕ ﺒﺸﺘﻰ ﺍﻹﻨﺸﺎﺌﻲﺍﻟﺘﺼﻤﻴﻡ 
، (ﺍﻷﻁﺭﺍﻑﻤﺜﺒﺘﺔ ﺍﻹﺴﻨﺎﺩ ﻭ ﺒﺴﻴﻁﺔ )ﺍﺕ ﺍﺘﺠﺎﻫﻴﻥ ﺒﺤﺎﻻﺕ ﺘﺜﺒﻴﺕ ﻤﺨﺘﻠﻔﺔ ﻭﺘﻤﺕ ﺘﻐﻁﻴﺔ ﺍﻟﺩﺭﺍﺴﺔ ﻟﺒﻼﻁﺎﺕ ﺫ
 ﻭﺘﻭﺯﻴﻊ ﻤﺨﺘﻠﻑ ﻓﻲ )tnemecrofnier ciportosI( ﺍﻻﺘﺠﺎﻫﻴﻥ ﻓﻲ   ﺘﻭﺯﻴﻊ ﻤﺴﺎﻓﺎﺕ ﺤﺩﻴﺩ ﺍﻟﺘﺴﻠﻴﺢ ﻤﺘﺴﺎﻭﻱﺜﻡ
   .)tnemecrofnier ciportohtrO(ﺍﻻﺘﺠﺎﻫﻴﻥ 
  ﻟﻠﺤﺼﻭل ﻋﻠﻰ ﺍﻟﻨﺘﺎﺌﺞ ﺍﻟﻨﻅﺭﻴﺔ ﻭﺒﺘﻁﺒﻴﻕ ﻫﺫﻩﻬﺎ ﻭﺴﺘﺨﺩﻤﺕ ﻨﻅﺭﻴﺔ ﺨﻁ ﺍﻟﺨﻀﻭﻉ ﻓﻲ ﺍﻟﺒﻼﻁﺎﺕ ﻟﺘﺤﻠﻴﻠﺍ
  .ﺍﻷﻗﺼﻰﺍﻟﻨﻅﺭﻴﺔ ﻋﻠﻰ ﺍﻟﺒﻼﻁﺎﺕ ﺴﺎﺒﻘﺔ ﺍﻟﺫﻜﺭ ﺘﻡ ﺍﻟﺤﺼﻭل ﻋﻠﻰ ﺍﻟﺤﻤل 
ﻟﻠﺘﺤﻘﻕ ﻤﻥ ﺍﻟﻨﺘﺎﺌﺞ ﺍﻟﻨﻅﺭﻴﺔ ﺍﻟﺘﻲ ﺘﻡ ﺍﻟﺤﺼﻭل ﻋﻠﻴﻬﺎ ﻤﻥ ﻨﻅﺭﻴﺔ ﺨﻁ ﺍﻟﺨﻀﻭﻉ ﻓﻲ ﺍﻟﺒﻼﻁﺎﺕ ﺘﻡ ﻋﻤل 
، ﺜﻡ ﺘﻭﺯﻴﻊ ﻤﺴﺎﻓﺎﺕ ﺤﺩﻴﺩ ﺍﻟﺘﺴﻠﻴﺢ ﻤﺘﺴﺎﻭﻱ ﻓﻲ ﺍﻻﺘﺠﺎﻫﻴﻥ ﺍﻹﺴﻨﺎﺩﺎﻥ ﻤﻨﻬﺎ ﺒﺴﻴﻁﺔ ﺘﺍﺜﻨ. ﺕ ﺒﻼﻁﺎﺒﺄﺭﺒﻌﺔﺘﺠﺎﺭﺏ ﻤﻌﻤﻠﻴﺔ 
 ﺍﻷﺨﺭﻴﺎﺕ ﺍﻟﺒﻼﻁﺘﺎﻥ ﺃﻤﺎ ﺍﻷﺨﺭ ﻓﺎﻥ ﺘﻭﺯﻴﻊ ﻤﺴﺎﻓﺎﺕ ﺤﺩﻴﺩ ﺍﻟﺘﺴﻠﻴﺢ ﻤﺨﺘﻠﻑ ﻓﻲ ﺍﻻﺘﺠﺎﻩ ﺍﻷﺨﺭﻯ ﺃﻤﺎ. ﻓﻲ ﻭﺍﺤﺩﺓ ﻤﻨﻬﺎ
  .ﺍﻹﺴﻨﺎﺩ ﺒﻨﻔﺱ ﺘﻭﺯﻴﻊ ﻤﺴﺎﻓﺎﺕ ﺤﺩﻴﺩ ﺍﻟﺘﺴﻠﻴﺢ ﻟﻠﺒﻼﻁﺎﺕ ﺍﻟﺒﺴﻴﻁﺔ ﺍﻷﻁﺭﺍﻑ ﻭ ﻤﺜﺒﺘﺔ ﻓﻬﻲ
 ﺍﻟﺘﺠﺎﺭﺏ ﺍﻟﻤﻌﻤﻠﻴﺔ ﻋﻠﻰ ﺍﻟﻨﺘﺎﺌﺞ ﺍﻟﺘﻲ ﺘﺤﺘﻭﻱ ﻋﻠﻰ ﻗﺭﺍﺀﺍﺕ ﻟﻼﻨﺤﺭﺍﻑ ﻓﻲ ﻨﻘﺎﻁ ﻤﺨﺘﻠﻔﺔ  ﺘﻠﻙﺘﻡ ﺍﻟﺤﺼﻭل ﻤﻥ
  .ﺍﻷﻗﺼﻰﻭﺍﻟﺤﻤل ( snrettaP eniL dleiY) ﺨﻁ ﺍﻟﺨﻀﻭﻉ ﺃﺸﻜﺎلﻟﻠﺒﻼﻁﺎﺕ ﻭﻜﺫﻟﻙ 
  
  :ﺁﻻﺘﻴﺔ ﺍﻟﻤﻌﻠﻭﻤﺎﺕ ﺃﺴﺎﺱﺘﻤﺕ ﻤﻨﺎﻗﺸﺔ ﺍﻟﻨﺘﺎﺌﺞ ﺍﻟﻤﻌﻤﻠﻴﺔ ﻭ ﺘﺤﻠﻴﻠﻬﺎ ﻋﻠﻰ 
  . ﺍﻻﺨﺘﺒﺎﺭﺠﺭﺍﺀﺇ ﺃﺜﻨﺎﺀﻤﻼﺤﻅﺔ ﺘﻁﻭﺭ ﺍﻟﺘﺸﻘﻘﺎﺕ  -
 ﺨﻁ ﺍﻟﺨﻀﻭﻉ ﺍﻟﻤﻔﺘﺭﻀﺔ ﺒﻭﺍﺴﻁﺔ ﻨﻅﺭﻴﺔ ﺨﻁ ﺍﻟﺨﻀﻭﻉ  ﻭﻤﻘﺎﺭﻨﺘﻬﺎ ﻤﻊ ﺘﻠﻙ ﺍﻟﺘﻲ ﺘﻡ ﺍﻟﺤﺼﻭل ﺃﺸﻜﺎل -
 .ﻋﻠﻴﻬﺎ ﻤﻥ ﺍﻟﺘﺠﺎﺭﺏ ﺍﻟﻤﻌﻤﻠﻴﺔ
 .  ﻭ ﺍﻻﻨﺤﺭﺍﻑ ﻟﻠﺒﻼﻁﺎﺕﺍﻷﺤﻤﺎلﺒﻴﺎﻨﺎﺕ ﺍﻻﻨﺤﺭﺍﻑ، ﺭﺴﻡ ﻤﺨﻁﻁﺎﺕ ﺘﻭﻀﺢ ﺍﻟﻌﻼﻗﺔ ﺒﻴﻥ  -
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 ﻤﻊ ﺃﻴﻀﺎﺍﻟﺒﻌﺽ  ﻨﺘﻴﺠﺔ ﻻﺨﺘﻼﻑ ﺘﻭﺯﻴﻊ ﻤﺴﺎﻓﺎﺕ ﺤﺩﻴﺩ ﺍﻟﺘﺴﻠﻴﺢ ﻭ ﺤﺎﻻﺕ ﺍﻟﺘﺜﺒﻴﺕ ﻭﻜﺫﻟﻙ ﻤﻘﺎﺭﻨﺘﻬﺎ 
 . ﺍﻟﻌﻀﻭﻱ ﺍﻟﻨﻅﺭﻴﺔ ﺍﻟﺘﻲ ﺘﻡ ﺍﻟﺤﺼﻭل ﻋﻠﻴﻬﺎ ﻤﻥ ﻨﻅﺭﻴﺔ ﺨﻁ ﺍﻟﺨﻀﻭﻉﺍﻷﺤﻤﺎل
 .eruliaf fo sedoMﻨﻭﻉ ﺍﻻﻨﻬﻴﺎﺭ  -
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  .ﺍﻟﺨﻀﻭﻉ ﻓﻲ ﺍﻟﺒﻼﻁﺎﺕ
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Abstract 
 
The objective of this research is to study the validity of the 
assumption in the yield line theory and reintroduce practical designers to use 
of yield line design. This work is intended to cover an investigation of two – 
way slabs .The support condition of these slabs were simply supported and 
fixed end, the reinforcement arrangement used is isotropic and orthotropic 
reinforcement. The yield line theory was used as the method of solution to 
obtain the ultimate load.  
To verify the analytical results experimentally, four rectangular two-
way slabs subjected to concentrated load at the centre  were tested. Data of 
the experimental work including deflection readings, and yield line patterns 
are presented.  
Experimental results are discussed and comparisons are made between 
the theoretical and experimental results. Finally conclusions are drawn and 
recommendations are presented. 
It is concluded that the difference between the experimental and 
theoretical failure load were small and mainly on the conservative side , a 
significant increase in load carrying capacity of fixed supported slabs 
(isotropic and orthotropic reinforcement) is due to compressive membrane 
action imposed by horizontal restraints. also similar yield line patterns for 
theoretical and experimental cases were observed. 
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Notation 
Symbol Description Units 
As  Area of steel mm2 
Asb Reinforcement area in bottom side  mm2 
Ast Reinforcement area in top side mm2 
B Slab width mm 
C Compression force of concrete kN 
d1,d2 Effective depths mm 
Ec Modulus of elasticity for concrete N/mm2 
Es Modulus of elasticity for steel N/mm2 
ec Ultimate strain of concrete - 
ey Yield strain of steel - 
fc’ Crushing strength of concrete  N/mm2 
h  Overall slab thickness mm 
I Second moment of inertia mm4 
L Span mm 
Lx, 
Ly 
Span in the two direction X and Y  mm 
m,m′ +ve and –ve resisting moments along yield line per 
unit length 
kN.m 
mb Bending moment  kN.m 
mt Twisting moment kN.m 
mx Bending moment along X-axis kN.m/m 
my Bending moment along Y-axis kN.m.m 
mun Ultimate moment of resistance per unit  width kN.m/m 
mux Ultimate moment of resistance in X – direction kN.m/m 
muy  Ultimate moment of resistance Y - direction kN.m/s 
munt Torsional moment per unit width kN.m/m 
Pck Experimental cracking load kN 
Pexp Experimental failure load kN 
Pu Ultimate load kN 
q Equivalent nodal force kN 
S Depth of stress block mm 
T  Tension force of steel kN 
µ Deflection mm 
Wex External virtual work kN 
Win Internal virtual work kN 
Wu Total load on a segment kN 
wu Uniform distributed load kN/m 
x Depth of neutral axis mm 
Z Lever arm  mm 
∆ Displacement mm 
θn Relative rotation Radian 
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-Drawing Notation 
 
The convention used in drawings and sketches is given below: 
 
 
Supports: 
 
  
 
Free edge  Continuous support 
 
 
Simply support   Column support  
 
 
Yield lines: 
  : Positive (sagging) yield line kN. m/m 
  : Negative (hogging) yield line kN. m/m 
  : Axis of rotation 
  : Plastic hinge (in section / elevation or in plan). 
 
Loads: 
  : line load kN/m 
P   : Point kN 
 
 
 
m 
m1 
 13
Chapter One 
Introduction and Literature Review   
1.1 A short History of Yield Line Theory: 
Yield line theory as we know it today was pioneered in the 1940s by 
the Danish engineer and researcher k.w Johnsen (9) . As early as 1922, the  
engineer in London on the collapse modes of rectangular slabs. Authors such 
as RH. Wood (11,28), L.L. Jones (10,11), A. Sawczuk (27) and T. Jaeger,        
R. park (20,21), KO. Kemp (12), CT. Morally (16), M. Kwiecinski (14) and 
many others, consolidated and extended Johansen’s original work so that 
now the validity of the theory is well established making yield line theory of 
formidable international design tool. In the 1960s 70s and 80s a significant a 
mount of theoretical work on the application of Yield line theory to slabs 
and slab-beam structures was carried out  around  the world and was widely 
reported. 
To support this work, extensive testing was undertaken to prove the 
validity of the theory. Excellent agreement was obtained between the 
theoretical and experimental yield line pattern and the ultimate load. The 
differences between the theory and tests were small and mainly on the 
conservative side. In the tests where restraint was introduced to simulate 
continuous construction, the ultimate loads which reached at failure were 
significantly greater than the loads predicted by the theory due to the 
beneficial effect of membrane forces. 
.2 Definition of Yield Line Theory: 
In recent years, method have been advance for moment analysis of 
reinforced concrete structures that are based on inelastic consideration and 
which direct attention to condition that are obtained in the structure just prior 
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to failure. In the case of slabs, this failure theory of structural analysis is 
known as yield line theory, first proposed by k.w Johnsen(9). By accounting  
for the strength reserve in indeterminate structures associated with inelastic 
redistribution of forces and moments, it permits a more realistic evaluation 
of structural safety. 
Equally important, it is a highly versatile tool, permitting the analysis 
for moments in slabs that cannot be treated by conventional means ordinary 
method are generally restricted in their application to fairly regular column 
arrangements, square or rectangular slab panels, uniformly distributed loads, 
etc. Not infrequently in practice, however, answers are needed for round or 
triangular slabs, slabs with major opening, slabs supported on two or three 
edges only, or carrying concentrated loads. Yield line analysis provides the 
necessary tool for studying these and other cases. 
The yield line theory is based on assumed collapse mechanisms and 
plastic properties of under-reinforced slabs. The assumed collapse 
mechanism is defined by a pattern of yield lines, along, which the 
reinforcement has yielded and the location of which depends on the loading 
and boundary condition. For the yield line theory to be valid, shear failure, 
bond failure and primary compression failure in flexure must all be 
prevented. 
Yield line theory is an ultimate load analysis. It established either the 
moment in an element (e.g. a loaded slab) at the point of failure or the both 
with and without beams. 
Consider the case of a square slabs simply supported on four sides as 
illustrated by fig. (1.1). This slab is subjected to a uniformly distributed load, 
which gradually increases until collapse occurs. 
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Initially, at service load, the response of the slabs is elastic with 
maximum steel stress and deflection occurring at the center of slabs. At this 
stage, it is possible that some hairline cracking will occur on the soft where 
the flexural, tensile capacity of the concrete has been exceeded at midspan. 
Increasing the load hastens the formation of these hairline cracks, As 
the load is gradually increased, cracking of the concrete on the tension side 
of the slab will cause the stiffness of the cracked section to be reduced, and 
the distribution of moments in the slabs to change slightly, owing to this 
redistribution, for equal increment of load, the increase in moment at 
uncracked section will be greater than before cracking occurred. 
As the load is increased further the reinforcement will yield in the 
central area of the slab, which is the region of highest moment. Once the 
steel in an under reinforced section has yielded, although the section will 
continue to deform, its resistance moment will not increase by any 
appreciable amount, and consequently an even greater redistribution of 
moment takes place. When even more load is applied, since an increased 
proportion of moment has to be carried by the sections adjacent to the 
central area, this will cause the steel in these sections to yield as well. In this 
manner, lines along which the steel has yielded are propagated from the 
point at which yielding originally occurred. At this stage of loading the yield 
lines might be as shown in fig. (1.1) below. 
 
 
 
 
 
 
Square slab simply supported 
Hair cracks 
Large cracks emanating from 
point of maximum deflection  
Figure (1.1) Onset of yielding of Bottom reinforcement 
in a simply supported two-way slab 
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Application of more loads will cause the reinforcement in even more 
section to yield and further propagation of the yield lines, until eventually all 
the yield lines reach the boundary of the slab. This is shown in fig. (1.2) 
below. 
 
 
 
 
 
 
 
 
At this stage, since the resistance moment along the yield lines is 
almost at their ultimate value, and since the yield line cannot propagate 
further, the slab is carrying the maximum load possible. 
Any slight increase in load will now cause state of unstable 
equilibrium, and the slab will continue to deflect under this load until the 
curvature at some section along the yield lines is so great that the concrete 
will crush. This section will then lose its capacity to carry even more and 
cause failure to occur along the whole length of the yield lines. Thus the 
condition when the yield lines have just reached the boundary may be 
regarded as the collapse criterion of the slab. The system of yield lines or 
fracture lines such as that in fig. (1.2) is called a yield line pattern. 
As illustrated by fig. (1.2), the slab is divide into rigid plane regions 
A, B, C & D. Yield lines form the boundaries between the rigid regions, and 
these regions, in effect, rotate about the yield lines. The regions also pivot 
about their axes of rotation, which usually lie along lines of support, causing 
A
B 
C
D
Axes of rotation a long 
supports to rigid regions 
Yield lines forming  
yield line pattern  
Figure (1.2) The formations of a mechanism in a simply 
supported two-way slab. 
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supported load to move. At this juncture that the dissipated by the hinges in 
the yield lines rotating is equated to work expended by loads on the regions 
moving. This is the Yield Line Theory. 
Under this theory, elastic deformations are ignored all the 
deformations are assumed to be concentrated in the yield lines and, for 
convenience, the maximum deformation is given the value of unity. 
 
1.3 Fundamentals of Yield Line Theory: 
The fundamental concept of the yield line theory for the ultimate load 
design of slabs has been expanded by K.W. Johansen(9). In this theory the 
strength of slab is assumed to be governed by flexure alone, other effects 
such as shear and deflection are to be separately considered. The steel 
reinforcement is assumed to be fully yielded along the yield lines at collapse 
and the bending and twisting moment are assumed to be uniformly 
distributed along the yield lines. 
 
1.3.1 Fundamental assumptions: 
In applying the yield lines theory the ultimate load analysis of 
reinforced concrete slabs, the following fundamental assumptions are made: 
1- The steel reinforcement is fully yielding along the yield lines at 
failure. In the usual case, when the slab reinforcement is well 
below that in the balanced condition, the moment-curvature 
relationship is as shown in fig. (1.3). 
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2- The slab deforms plastically of failure and is separated into 
segment by the yield lines. 
3- The bending and twisting moments are uniformly distributed along 
the yield line and they are the maximum values provided by the 
moments strengths in two orthogonal directions (for two-way 
slabs). 
4- The elastic deformations are negligible compared with the plastic 
deformations, thus the slab parts rotate as plane segments in the 
collapse condition and all the deformation take place in the yield 
line. 
 
1.4 The Location and Orientation of Yield Lines: 
The location and orientation of the yield line were evident in the case 
of the square slab simply supported; the yield lines were easily established. 
For other cases it is helpful to have set of guidelines for drawing yields lines 
and locating axes of rotation. When a slab is on the verge of collapse owing 
to the existence of sufficient number of real or plastic hinges to form a 
mechanism, axes of rotation will be located along the line of support or over 
point supports such as columns. The slab segments can be considered to 
rotate  as rigid bodies in space a bout these axes of rotation. The yield line 
Curvature φ  
Typical 
Idealized 
     Elastic deformation 
 Plastic deformation 
M
om
en
t M
 
Fig. (1.3) Typical and idealized M-Q relationship 
for reinforced concrete slab 
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between any two adjacent slab segments is straight line, being the 
intersection of two essentially plane surfaces. Since the yield (as a line of 
intersection of two planes) contains all points common to these two planes, it 
must contain the point of intersection of the two axes of rotation, which is 
also common to the two planes. That is, the yield line (or yield extended) 
must pass through the point of intersection of the axis of rotation of two 
adjacent slab segments. 
Guidelines for established axes of rotation and yield lines are 
summarized as follows to predict yield line pattern: 
a) Yield lines end at a slab boundary. 
b) Yield lines are straight 
c) Axes of rotation generally lie along lines of support (the 
support in may be a real hinge, or it may establish the 
location of a yield line which acts as a plastic hinge). 
d) Axes of rotation pass over any columns. 
e) A yield line passes through the intersection of the axes of 
rotation of adjacent slab segments. 
 
 
 
 
 
 
In fig. (1.4) shows a slab simply supported along its four sides, 
rotation of slab segment A and B about ab and cd respectively. The yield 
line ef between these two segments is a straight line passing through f, the 
point of intersection of the axes of rotation. 
a b
c
d
f
e
A
B
∆
Fig. (1.4) Tow-way slab with simply supported edges. 
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Illustrations are given in Fig. (1.5) of the application of these 
guidelines to the establishment of yield line locations and failure 
mechanisms for a number of slabs with various support conditions. 
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Since the first step in the analysis is to postulate a failure mechanism 
or yield line pattern, the yield line patterns of various slabs are shown in 
figure (1.5 {a-k}) to show how they conform to the guidelines stated above. 
Fig. (1.5a) shows a possible yield line pattern for a square slab subjected to 
uniformly distributed load. The axes of rotation of element A is ab, the line 
of support, while that of B is bc. The yield line between these elements 
passes through the point of intersection of these axes, which is corner b 
similarly yield lines pass through the other corners. Since yielding starts in 
the center of the slab, then the yield line are straight lines between the center 
and the corners. Fig. (1.5b) shows a yield line pattern for a rectangular slab 
under uniform load. The yield line passes through the corners for the reasons 
given previously, and yield line ef is parallel to the longer sides it intersects 
the parallel axes of rotation adjacent element A and C at infinity. Initially it 
is only necessary to draw the general yield line pattern, the exact position of 
c and f can be found in the process of the analysis. 
For the continuous rectangular slab shown in fig. (1.5e) negative yield 
lines must also form a long the lines of support before they can become axes 
of rotation. In fig. (1.5d), which represents a trapezoidal slab, the yield line 
of produced passes through the point of intersection of the axes of rotation a 
(j) 
(k) 
Fig. (1.5) Yield Line Patterns for Number of Slabs 
with Various Support Conditions 
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long the longer sides. The other pattern shown in fig. (1.5 e-k) may similar 
reasoning. 
Once a failure pattern has been postulated two methods of solution are 
available in order to find the relation between the ultimate resistance 
moments in the slab and the ultimate load. First of these methods is the 
virtual work and the second is called the equilibrium method. Both of these 
methods are presented in the following chapter.   
 
1.5 Use of Yield line Theory in Design Codes of Practice: 
Any design process is governed by the recommendation of a specific 
code of practice. In the UK, BS 8110 clause 3.5.2.1 says ‘Alternatively, 
Johansen’s yield line method ... may be ... for solid slabs’. The provision is 
that to provide against serviceability requirement, the ratio of support and 
span moments should be similar to those obtained by elastic theory. This 
sub-clause is referred to clauses 3.6.2 and 3.7.1.2 making the approach also 
acceptable for ribbed slabs and flat slabs. 
 
According to Eurocode2, yield line design is a perfecting valid 
method of design. Section 5.6 of Eurocode2 states that plastic methods of 
analysis shall only be used to check the ultimate limit state. Ductility is 
critical and sufficient rotation capacity may be assumed provided x/d ≤ 0.25 
for C 50/60. Eurocode2 goes on to say that the method may be extended to 
flat slabs, ribbed, hollow or waffle slabs and that corner tie down forces and 
torsion at free edges to be accounted for. 
Section 5.11.1.1 of EC2 includes yield line as a valid method of 
analysis for that slabs. It is recommended that a variety of possible 
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mechanisms are examined and the ratios of the moments at support to the 
moment in the  spans should lie between 0.5 and 2. 
 
1.6 Upper and lower bound Theorems: 
Plastic analysis methods such as yield line theory derived from the 
general theory of structural plasticity, which states that the ultimate collapse 
load of a structure lies between two limits, an upper bound and lower bound 
of the true collapse load. These limits can be found by well-established 
methods. A complete solution by the theory of plasticity would attempt to 
make the lower and upper bounds converge to  a unique solution. 
The lower bound theorem and upper bound theorem when applied to 
the slabs can be stated as follows: 
 
Lower bound theorem: 
If, for a give external load, it is possible to find distribution of 
moments that satisfies equilibrium requirements, with the moment not 
exceeding the yield moment at any location, and if the boundary conditions 
are satisfied, then the given load is a lower bound of the true carrying 
capacity. Lower bound Theorem (Sometimes called the static theorem). The 
theorem is often refereed to as the safe theorem. 
 
Upper bound theorem: 
If, for a small increment of displacement, the internal work done by 
slab , assuming  that the moment at every plastic hinge is equal to the yield 
moment and the boundary conditions are satisfied, is equal to the external 
work done by the given load for the increment of displacement, then that 
load is an upper bound of the carrying capacity. Upper bound theorem 
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(sometimes called the kinematic theorem). The upper bound theorem is often 
referred as unsafe theorem, because interpreted in a design sense, it states 
that the value of the plastic moment obtained on the basis of an arbitrarily 
assumed collapse mechanism is smaller than, or at best equal to, that 
actually required. 
If the lower bound conditions are satisfied, the slab can certainly carry 
the given load, although a higher load may be carried if internal 
redistributions of moment occur. If the upper bound conditions are satisfied, 
a load greater than the given load will certainly cause failure, load may be 
carried if internal redistribution of moments occur, although a lower load 
may produce collapse if selected failure mechanism is incorrect in any sense. 
         Yield line theory gives upperbound solution results that are either 
correct or theoretically unsafe  see table 1.1 . However , once the possible 
failure pattern that forms have been recognized, it is difficult to get the yield 
line analysis critically wrong..  
Yet few practicing engineers regarded any analysis as being an 
absolutely accurate and make due allowance in their design. The same is true  
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Table 1.1 upper and lower bound ultimate load theories: 
Ultimate load theories for slabs fall into the categories: 
• Upperbound (unsafe theorem) or 
• Lowerbound (safe theorem). 
Plastic analysis is either base on: 
• Upperbound (kinematic) methods, or on 
• Lowerbound (static) methods. 
Upperbound (kinematic) methods include: 
• Plastic or yield line method for beams, frames. 
• Yield Line Theory for slab. 
Lowerbound (static) methods include: 
• strip method for slabs, 
• the strut and tie approach for deep beams, corbel, anchorages, walls 
and plates loaded in their plane. 
 
 
and acknowledged in practical yield line design. 
In the majority of cases encountered, the result of yield line analysis 
from first principles will be well within 10% of the mathematically correct 
solution.  
There are other factors that make yield line design safer than it may at 
the first appear, e.g. compressive membrane action in failing slabs (this 
alone can quadruple ultimate capacities), strain hardening of reinforcement, 
and the practice of rounding up steel areas when allotting bars to designed 
areas of steel required. 
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Practical designers can use yield theory with confidence, in 
knowledge that are is in control of a very  powerful and reliable design tool. 
 
1.7 Serviceability and Deflection: 
Yield line theory concerns itself with the ultimate limit state. The 
designer must ensure that relevant serviceability requirement; particularly 
the limits of deflection are satisfied. 
Deflection of slabs should be considered on the basis of elastic design. 
This may call for separate analysis but, more usually, deflection may be 
checked by using span/effective depth ratios with ultimate moments as basis. 
Such checks will be adequate in the vast majority of cases. 
 
1.7.1  The British Code Of Practice  BS 8110: 
Deflection usually checked by ensuring that allowable span/effective 
ratio is greater than the actual span/effective depth ratio (or by checking 
allowable span is greater than actual span). The basic span/effective depth 
ratio is modified by factors for compression reinforcement (if any) and 
service stress in the tension reinforcement. The latter can have a large effect 
when determining the service stress, fs, to be  used in equation 8 in Table 
3.10 of BS8110. When calculations are based on the ultimate yield line 
moments, one can conservatively, use βb values of 1.1 for end spans and 1.2 
for internal spans. 
Where estimates of actual deflections are required, other approaches, 
such as the rigorous methods in BS 8110 part2, simplified methods or finite 
element methods should be investigated. These should be carried out as a 
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secondary check after the flexural design based on ultimate limit state 
principles has been carried out. 
In order to keep cracking to an acceptable level it is normal to comply 
(sensibly) with the bar spacing requirements of BS 8110 clauses 3.12.11.2.7 
and 2.8. 
 
1.7.2 Eurocode2: 
Eurocode treats deflection in a similar manner to BS 8110. Deemed to 
satisfy span to depth ratios may be used to check deflection. Otherwise 
calculations, which recognize that sections exist in a state between 
uncracked and fully cracked, should be undertaken. 
 
1.7.3 Johansen Deflection formulae: 
Johansen (9) saw little point in making particularly accurate deflection 
calculations, he felt it is more important to understand it order of magnitude. 
One reason he cited was the variation in concrete modulus of elasticity. For 
the sake of explanation and to provide designers with an 'order of  
magnitude' checked on other methods, his formulae for one –way and two –
way and flat slabs are given here.  
 
1.7.3.1 One-way and two-way slabs: 
Johansen (9) showed that by suitable choice of a one-way strip taken 
out of any slab with uniformly distributed load, restrained or simply 
supported, and analyzed using the yield line theory, the deflection, u, could 
be estimated by the formula: 
EI
Lmu serv
8
2
=  
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Where: 
mserv : Is the maximum serviceability span moment in the 
slab [kN m/m] 
this can be taken as being equal to the plastic yield 
line moment 
by the global safety factor. The strip containing this 
moment must be chosen to coincide with the location 
where the maximum elastic moment is likely to act. In 
the case of rectangular slabs the strip will be 
orientated parallel to the shorter sides. 
E : Is the modulus of elasticity of concrete. E should 
include for long Term effect, such as creep and 
shrinkage. [kN / m2] 
I : Is the section moment of inertia [m4]. It should be noted 
that Johansen used gross concrete section properties 
ignoring reinforcement and the possibility of cracked 
section, i.e. I=bd3/12. 
Practitioners may apply a factor for cracking crack 
section Properties. 
 L:    Is the span 
 
1.7.3.2 Flat slabs: 
Johansen suggested that the deflection, u, could be checked on a 
diagonal strip: 
 
( )( )2228208 20
88
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m
EI
Lmu  
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Where: 
m8   is the larger of the serviceability moments in the two directions mx or 
my    [kN.m/m]. 
Lx , Ly : is the span in the two directions X and Y [m] 
Lo : clear span between columns diagonally across the bay. 
 
1.8 Ductility: 
Yield line theory assumes that there is sufficient ductility in the 
section considered for them to develop their collapse mechanism through 
curvature and maintain their full ultimate moment of resistance along their 
length. 
 
 
 
 
 
 
 
 
 
More generally, ductility is important for two main reasons: 
- Safety – warning of collapse and. 
- Economy – through load sharing. 
           The ductility of steel reinforcement is a familiar phenomenon. 
However, many factors affect ductility of reinforced concrete sections and 
unfortunately no simple analytical procedure has been devised to enable a 
ε 
εuk 
σ 
ε 
 
σ 
ft =kfyk  
fyk  
εuk 0.2% 
f0.2k 
ft=kf0.2k 
Fig. (1.6) Stress-Strain Relationship for 
Hot and Cold Rolled Steel 
 (a) Hot Rolled Steel  (b) Cold Rolled Steel 
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required curvature or ductility factor to be calculated. Tests have shown that 
slabs generally have the required ultimate curvature capacity. 
Nonetheless, to ensure adequate ductility, design codes generally 
restrict allowable depth of natural axis/ effective depth x/d ratios and modern 
codes restrict the types of reinforcing steel used to ensure that the 
reinforcement yields before concrete fails. Although BS 8110 has no specific 
restrictions, Eurocode2 and others recommend that class (B) and (C) should 
be used with plastic analysis such as yield line theory. 
In other words, elongation at maximum force, Agt(%), should be at 
least 5% and this may rule out cold drawn wire used in many meshes see 
Table (1. 2) for ranges of Agt %.  
 
 
Table 1.2 Minimum characteristic reinforcement  
Strain at maximum stress 
 
Class to EC2 Table C.1 A B C 
Elongation at maximum force Agt (%) 
(-Characteristic strain at maximum force εuk) 
≥2.5 ≥ 5.0 ≥7.5 
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 Chapter Two 
Yield Line Analysis Methods of Slabs 
 
2.1 Preview of yield line analysis method: 
Once the pattern of yielding and rotation has been established by 
applying the guidelines shown in section 1.4, the specific location and 
orientation of the axes of rotation and the failure load for the slab can be 
established either by virtual work method or equilibrium method. It must be 
emphasized that, in either case, the yield line method of slab analysis is an 
upperbound method, in the sense that the true collapse load, for given 
flexural resistance will never be higher than the load predicated, but may be 
lower. By either approach the solution has two essential part (1) 
establishment of the correct failure mechanism and (2) for that failure 
mechanism, finding the geometric parameter that define the exact location 
and orientations of the yield lines, and solving for relation between applied 
load and resisting moments. Either method will lead to the correct solution 
for the mechanism chosen for study, but the true failure load will be found 
only if the correct mechanism has been selected. 
Both methods are based on the same fundamental assumptions, the 
two methods should give exactly the same results .In either method a yield 
line pattern must first be assumed so that a collapse mechanism is produced. 
For a collapse mechanism, rigid body movements of the slab segments are 
possible by rotating along the yield lines while maintaining deflection 
compatibility at the yield lines between slab segments. There may be more 
than one possible yield line pattern, in such case solutions to all possible 
yield line patterns must be sought and the one giving the smallest ultimate 
load would actually and this should be used in design. For instance the 
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failure pattern of the simply supported rectangular slab subjected to uniform 
load may be shown either in Fig. (2.1) a or b, depending on the aspect ratio 
of the rectangular panel. 
 
 
 
 
 
 
 
 
 
After the yield line pattern has been assumed, the next step is to 
determine the position of the yield lines, such as defined by the unknown 
distance x in fig. (2.1) a or b. It is at this point that one may chose to use the 
virtual work method or the equilibrium method. In the virtual work method, 
an equation containing the unknown x is established by equating the total 
positive work done by the ultimate load during simultaneous rigid body 
rotations of the slab segments (while maintaining deflection compatibility), 
to the total negative work done by the bending and twisting moments on all 
yield lines. Then that value of x which gives the smallest ultimate load is 
found by means of differential calculus. In the equilibrium method, the value 
of x is obtained by applying the usual equations of statical equilibrium to the 
slab segments, but optimal position x is defined by the placement of 
predetermined nodal forces at the intersection of yield lines. Expressions for 
the node forces in typical situations, once derived, can be conveniently used 
a b 
(a) 
x 
c 
d 
(b) 
x 
Fig. (2.1) Yield Line Patterns of a Simply 
Supported Rectangular Slab. 
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to avoid the necessity of mathematical differentiation as required in the 
virtual work method. 
 
2.2 Yield line Analysis by virtual wok: 
The virtual work method (or work method) of analysis is the most 
popular and most easy way o applying yield line analysis to analyze slabs 
form first principles. It is considered to be the quickest way of analyzing a 
slab using hand calculation only. It can be applied and used on slabs of any 
configuration and loading arrangement. 
The virtual – work equation (similar to the equation used for plastic 
analysis of frames) gives either the correct ultimate moment of a value 
smaller than the correct value. In other words, if the virtual-work equation is 
used to find the ultimate load for a slab with an assumed bending resistance 
then the value obtained will be an upperbound on the carrying capacity of 
the slab. This means that solution obtained is either correct or unsafe. In 
practice calculations, one or two fracture patterns are assumed, and the value 
obtained is usually within 10 percent of the correct value. It seems to be a 
reasonable design procedure to increase the moment obtained by the work 
equation by a small percentage, depending on the number of trials and on the 
uncertainty of the chosen fracture pattern. The theoretical exact pattern is 
that for which the ultimate moment is a maximum. This can be reached, if 
we define the fracture pattern by certain parameters, x1, x2, … ; the work 
equation will then give the value of m as a function of these parameters, i.e 
m = f(x1,x2… ). The value of the parameters corresponding to the maximum 
moment is determined by partial differentiation (δf/δx1)= 0  , (δf/δx2)=0, etc. 
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This process can be laborious except for simple slabs in which the designer 
can define a reasonable pattern and proceed as suggested above. 
 
2.2.1 Principle of virtual work: 
Suppose that a rigid body is in equilibrium under the action of a 
system of forces. If the body is given a small arbitrary displacement, the sum 
of the work done by the forces (force times it corresponding displacement) 
will be zero because the resultant force is zero. Hence, the principle of 
virtual work may be stated as: 
If a rigid body that is in statical equilibrium under a system of forces 
is given a virtual displacement, the sum of the virtual work done by the force 
is zero. 
The virtual displacement is a small arbitrary displacement and the 
virtual work is the work resulting from displacement.  
To analyze a slab by the virtual work method, a yield line pattern is 
postulated for the slab at the ultimate load. 
The segments of the yield line pattern may be regarded as rigid bodies 
because the slab deformation with further deflection occurs only at the yield 
lines. The segments of the slab are in equilibrium under the external loading 
and the bending and torsional moments and shears along the yield lines. 
A convenient point within the slab is chosen and given a small 
displacement δ in the direction of the load. Then the resulting displacements 
at all points of the slab, δ(x,y), and the rotations of the slab segments about 
the yield lines, may be found in  terms of δ and the dimensions of the slab 
segment. Work will be done by the external loads and by the internal actions 
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along the yield lines. The work done by a uniformly distributed ultimate load 
per /unit area Wu is: 
( )∫ ∫ ∑ ∆= uu Wdxdyyxw ,δ   …………..         (2.1) 
 
Where Wu is the total load on a segment of the yield line pattern and ∆ 
the downward movement of its centroid. Work for all segment is assumed. 
The reactions at the supports will not contribute to the work as they do not 
undergo displacement. 
The work done by the internal actions at the yield line will be due 
only to the bending moments, because the work done by the torsional 
moments and the shear forces is zero when summed over the whole slab. 
This follows because the actions on each side of the yield line are equal and 
opposite, and for any displacement of the yield line pattern there is no 
relative movement between the sides of the yield line corresponding to 
torsional movements and shear forces. However, there is relative movement 
corresponding to the bending moments, since there is relative rotation 
between the two sides of the yield line. Thus, the work done at the yield line 
is due only to the ultimate (bending) moments. The work done by the 
ultimate moment of resistance ,mun per unit width of a yield line of length 
Lo, due to the relative rotation ,θn about the yield line between the two 
segments is – mun θn Lo. 
The work done here is negative because the bending moments will be 
acting in the direction opposite to the rotation if the slab is given a 
displacement in the direction of the loading. The total work done by the 
ultimate moments of resistance, as given by summing the work done along 
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the yield lines is - ∑ onun Lm θ . Therefore, the virtual work equation may be 
written as: 
(2.2)                                                                                               LmWei
LmW
nunu
nunu
∑ ∑
∑ ∑
=∆
=−∆
0
0
..
0
θ
θ
  
                    
When applied to a particular slab, the displacement term cancels from 
the equation and the ultimate load is given in terms of the slab dimensions 
and the ultimate moment of resistance per unit width. The term Wu∆ will be 
referred to as external work done and the term ∑ 0Lm nunθ  will be referred 
to as internal work done. 
 
2.2.2 Flexural strength of slabs for yield line analysis: 
For a yield line that runs at right angles to the reinforcement, the ideal 
ultimate moment of resistance per unit width due to that of the reinforcement 
is given by:  
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Where: 
  As: Is the area of tension steel per unit width. 
fy: Is the yield strength of the reinforcement. 
d: Is the distance from the centroid of the tension steel to the     
external concrete compression fiber. 
f′c: Is the compressive cylinder strength of the concrete. 
 In design the right hand side of E. q.( 2.3) is multiplied by a strength 
reduction factor φ = 0.9 to obtain the dependable design strength. The effect 
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of compression steel can be neglected in flexural strength calculations, since, 
for typical under reinforced slab sections it makes little difference to the 
strength of the section. 
 
2.2.3 Johansen’s stepped yield criterion: 
In the usual case of a slab reinforced by bars at right angles in the x 
and y directions, the ultimate moment per unit width in the x and y 
directions will generally be unequal, because the areas for steel and the 
effective depths of the steel will be different in those directions. Also it is 
often necessary to determine the ultimate moment per unit width along a 
yield line which is at an angle of other than 900 to the x and y axes. In this 
general case, torsional moments will exist along the yield lines as well as the 
ultimate (bending) moments. The ultimate bending moment per unit width 
mun and torsional moment per unit width munt acting on a general yield line 
may be found from Johansen’s yield criterion. This criterion is based on the 
following assumptions: 
1. The actual yield line can be replaced by a stepped line consisting 
of small steps in the x and y directions. 
2. The torsional moments acting in the x and y direction are 
neglected. 
3. The strength of the section is not affected by kinking of the bars 
across the yield line (crack) or by biaxial stress conditions in the 
concrete compression zone. 
4. That the stress in the tension steel in both directions crossing the 
yield line (crack) is fy. 
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5. That the internal lever arms for the ultimate flexural strengths in 
the x and y directions are not affected when bending occurs in a 
general directions. 
Tests on slabs have shown that beside of its simplicity, Johansen’s 
yield criterion is also accurate. 
Fig.(2.2) shows a yield line crossing reinforcement at a general angle. 
The reinforcement is placed in the x and y directions at right angles and the 
yield line is inclined at angle α to the y axis. The equivalent stepped yield 
lines is also shown in the figure. The ultimate resisting moments per/unit 
width in the x and y directions are mux and muy, respectively. These moments 
can be found using Eq. (2.3). The components of mux and muy contributing to 
the ultimate moment of resistance per unit width mun and torsional moment 
per unit width munt acting at the yield line may be found by considering the 
equilibrium of the small triangular element taken from the yield line. The 
moments acting on the element are shown in  vector notation Fig (2.2) b. 
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Fig. (2.2) Yield Line at General Angle to Orthogonal Reinforcement 
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(c) 
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Taking moment about side ab of the element shows that for 
equilibrium, the ultimate moment of resistance per unit width acting normal 
to the yield line is: 
mun ab = mux ac cos α + muy bc sin α 
mun = mux cos2α + muy sin2α        (2.4) 
Similarly, taking moments about an axis perpendicular to ab shows that the 
torsional moment per unit width acting along the yield line is: 
munt = (mux – muy) sinα cosα          (2.5) 
 
If mux= muy, then from Eq.( 2.4) , mun = mux (cos2α + sin2α) = mux = muy, and 
from Eq. (2.5)  munt = 0. Thus, for this case the ultimate moments of 
resistance per unit width are equal in all directions and the torsional moment 
at the yield line is zero. Such slab is said to be “isotropic” or “isotropically 
reinforced”. This condition sometimes called square yield criterion.  
 
When mux≠ muy, it is evident that the ultimate moment of resistance 
per unit width is dependent on the direction of the yield line and that there 
will be torsional moment of the yield line, such a slab is said to be 
“orthotropic” or “orthotropically reinforced”. 
 
2.2.4 Components of Internal Work Done: 
Since most slabs are rectangular with steel placed parallel to the edges 
in the x and y directions, and because the ultimate moments per unit width in 
the x and y direction are known. It is usually easier to deal separately with 
the x and y direction components of the internal work done by  the ultimate 
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moments, ∑mun θn Lo. For a yield line inclined at angle α to the y-axis (see 
Fig 2.3), with the segments of the slab undergoing a relative rotation θn 
about the yield line, reference to Eq. (2.4) shows that the internal work done 
is: 
( )
∑ ∑
∑ ∑
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Where θx and θy are the components of θn in the x and y directions, 
respectively, and xo and yo are the projected length of the yield line in the x 
and y directions. It is to be noted that the rotation about the yield line is the 
sum of the rotations of the slab segments each side of the yield line. 
 
The virtual work equation, Eq. (2.2), can now be written as: 
∑ ∑ ∑+=∆ 00 xmymW yuyxuxu θθ        (2.7) 
 
 
 
 
 
 
 
 
Use of the virtual work equation in this form means that it is not 
necessary to find the ultimate moments of resistance normal to the yield line. 
 
x 
x0 
y 
y0 
n 
L0 
α 
Reinforcement 
Figure (2.3) Yield Line Inclined to Directions of 
Orthogonal Reinforcement 
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2.2.5 Minimum Load Principle: 
While a general pattern of failure can often be drawn, the exact 
pattern cannot always be determined by inspection. Consider Fig. (2.4) for 
example, length ef is unknown for case (a), the coordinates of E are 
unknown for case (b), and α, β and φ are unknown for case (c). Hence the 
general pattern of yield lines is often defined by unknown parameters, such 
as ratios of angles, so that the virtual work equation is obtained in terms of 
these parameters to give an equation of the form: 
m = wf (α, β, γ … φ) 
 
 
 
 
 
 
 
 
 
Only one equation relating m and w is obtained from virtual work 
hence j more equations are required for j parameters in order to solve for the 
collapse load. These are given by the turning values relative to each 
parameter, since m must be a maximum (or w a minimum) for the most 
probable collapse mechanism that is: 
0=∂
∂=∂
∂=∂
∂
φβ
m  .....  m
x
m
              (2.8) 
e f 
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α α 
E 
Y 
X 
(b) 
φ 
(c) 
αL βL 
Figure (2.4) Yield Line Patterns with Deferent Number of Unknowns     
a) One Unknown  b) Two Unknowns  c) Tree Unknowns 
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It is usually convenient to express m in the form: 
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A turning value is given by putting  that is: 
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2.3 Yield line analysis by equilibrium method: 
An  alternative method for determining the ultimate load of a slab 
from the yield line pattern is to use the equations of equilibrium. In this 
method the equilibrium of each individual segment of the yield line pattern , 
under the action of its bending and torsional moments, shear forces and 
external loads, is considered. Generally, the equilibrium equation are written 
by taking moments of the actions about suitable axis .  
Sufficient equilibrium questions need to be written to be solved 
simultaneously to enable the unknown dimensions which define the yield 
line pattern to be eliminate and to find the ultimate load.    
In this approach, we abandon the virtual-work equations of the energy 
method and consider instead the equilibrium of each slab part when acted 
upon by the external applied load, and by the forces acting at fracture line .In 
general, these are bending moment, shearing force acting perpendicular to 
the slab plane, and twisting moment. By the equilibrium method, the correct 
axes of rotation and the collapse load for the corresponding mechanism can 
be found considering equilibrium of the slab segment. Each segment being 
studied as a free body, must be in equilibrium under the action of the applied 
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loads, the moments along the yield lines, and the reactions or shear along the 
support lines. It is noted that because the yield moments are principle 
moments, twisting moments are zero along the yield lines and in most cases 
the shearing forces are also zero. Only the unit moment m generally is 
considered in writing equilibrium equation. 
A yield line pattern is postulated, and then the equilibrium of each 
slab element is studied. The equilibrium equations obtained for each slab 
element, by taking moments and resolving vertically, are solved 
simultaneously to obtain the solution. The equilibrium method cannot be 
used however, without farther specialized knowledge. The reason for this is 
that moments cannot be taken about appropriate axes for each individual 
slab element until the magnitude and distribution of the shear force (or 
reactions) between adjacent element are known. Certain theorems due to k.w 
Johansen (9) enable the statical equivalents of these forces to be calculated, 
so the equilibrium’ method, once understood usually gives solutions more 
readily than the virtual work method. 
 
2.3.1 Relation between bending and twisting moments along a Yield line: 
 
   It is convenient in this analysis to represent the bending and twisting 
moments by the standard vector notation, i.e the direction of rotation of the 
moments indicates the direction of the vector as shown in fig. (2.5). 
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Figure (2.5) Standard Vector Notation for Bending 
and Twisting Moments 
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In fig. (2.6)  consider AC is a yield line in slab reinforced with Asy to 
resist a positive ultimate moment m and assume, theoretically that Asx = 0, 
i.e the moment in the perpendicular direction to moment m is equal to zero. 
Along the yield line AC, let mt is the acting twisting moment while mb is the 
bending moment. A relation between mb and mt could be achieved by 
resolving at right angles to vector m, we get: 
 
mb Ac sinψ = mt AC cosψ 
mb = mt cot ψ                 (2.10) 
 
 
 
 
 
 
 
Resolving along the direction of vector m, we have: 
mAB = mb AC cosψ + mt AC sin ψ            or 
m = mb + mt tan ψ         (2.11) 
Substituting from equation (2.10), we get: 
mb = m cos2ψ  
mt = m sinψ cosψ 
If the angle ψi is measured always when rotating anticlockwise from 
the direction of any moment vector to yield line we have: 
mb= micos2ψi 
A B 
C mb 
mt Asy 
Asx Yield line 
ψ 
y 
x 
Figure (2.6) Relation between Bending and Twisting Moment 
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mt=mi sinψi cos ψi 
Now if the slab is reinforced in more than one direction, the separate effects 
are just to be added as pointed out by Jones (10,11 ), this gives : 
mb= ∑mi cos2ψi       (2.12) 
mt =∑mi sinψi cosψi      (2.13) 
 
2.3.2 Nodal correcting forces: 
The nodal forces are statical equivalent of the normal shearing forces 
existing along a yield line. These forces have been formulated in different 
manners by Johansen (9), Jones (10,11) and Other different authors. The 
normal shearing along a yield line, may be replaced by two end forces 
selected to act at the ends of each straight portion of the yield line. 
 
 
 
 
 
 
 
 
Carried out investigation lead to the following useful rules: 
1. At the intersection node of any number of yield line irrespective of 
sagging or hogging (positive or negative), the sum of the nodal 
forces is zero. 
2. If all intersecting yield lines are all of positive moments or all of 
negative moment – governed by the same mesh of reinforced – the 
Equivalent 
nodal fore 
A
 
B
qAB
qBA
Equivalent nodal 
force
Yield line
Figure (2.7) Equivalent Nodal force  
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nodal force of each segment at the intersection node of yield lines 
is zero. To explain this rule, let the sign of the nodal forces is 
regarded a positive when acting upwards and let their direction 
along each straight portion of a yield line follow the direction of 
the moment vector mb as shown in fig. (2.8a). 
        It is shown in fig. (2.8b) that a dot indicates an upward 
positive acting force and across is a downward negative force. 
 
 
 
 
 
 
 
 
 
 
If QIb = Sum of nodal forces of segment I at node b, then: 
QIb = qbd – qba        (2.14) 
And according to rule (2) QIb = 0 provided all the intersecting yield 
lines are governed with the same mesh of reinforcement, if ∑Qb = 
Sum of all the nodal forces acting at node b: 
∑Qb = QIb + QIIb+ QIIIb      (2.15) 
Then according to rule (1) ∑QB = 0 
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3. If all intersecting yield lines are not of one kind, the maximum 
number of yield lines which can intersect at a single node is three.  
 
 
2.3.3 Nodal Forces where yield line intersects on unsupported (free) edge. 
Experimental investigations indicated that yield lines intersect free 
edges at right angles. The theoretical assumption that yield lines meet a free 
edge at an acute angle θ necessitates correcting nodal forces to satisfy the 
conditions of statics. Jones (10, 11) , gave these nodal forces as follows: 
             QIa = - (mb cot θ + mt)                                           (2.16)  
              QIIb = + (mb cot θ + mt)                                          (2.17)                          
               
 
 
 
 
 
 
 
 
Where θ is the angle measured when rotating anticlockwise from the 
yield line to the free edge. 
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Chapter Three 
Membrane Action in Reinforced Concrete Slabs 
 
3.1 Introduction: 
The yield line theory due to Johansen (9) considers the presence of 
only moments and shear forces at the yield lines in the slab and gives a good 
indication of the ultimate load when the yield line pattern can form without 
the development of membrane (in plane) forces in the slab. However, 
membrane forces are often present in reinforced concrete slabs at the 
ultimate load as a result of the boundary conditions and the geometry of 
deformations of the slab segments. 
The effects of compressive action have been recognized since the first 
half of the 20th century. However, it wasn’t known until the year 1955 when 
Ockleston (19) published the results form load tests on a reinforced concrete 
building in South Africa that researchers become fully aware of its possible 
benefits. Ockeston conducted tests on interior floor slabs in the building and 
found the ultimate load was significantly greater than both the design load 
and yield line predictions. He attributed this enhancement to compressive 
membrane action. 
Many researchers have looked into compressive membrane action 
since 1955. Some of the more notable work was done by Park (20,21, 22, 
23) in 1960s, while Braestrup (2) summaries much of the work done in this 
area. Recently, Eyre (5) has developed a method to directly assess the 
strength of reinforced concrete slabs under membrane action. His method 
requires knowledge of the surround stiffness that the slab is exposed to load 
“that is always less than the ultimate loads”. 
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3.2 Compressive membrane action: 
If the edges of the slab are restrained  against lateral movement by 
stiff boundary elements, compressive membrane forces are induced in the 
plane of the slab when, as the slab deflects, changes of geometry cause the 
slab edges to tend to move outward and to react against the bounding 
elements as shown in fig. (3.1).  
This action is made possible by the fact that slabs are under-reinforced 
so that the neutral axis depth is small. The center of compression in the 
concrete at midspan can therefore appreciably be above that at the support. 
Arching action can be pronounced if the edges of the slabs are restrained 
against lateral displacement. This is the case, for example with interior 
panels of continuous slabs, where the horizontal thrust can be taken by the 
adjacent panels (instead of by the steel reinforcement). 
           The compressive membrane forces so induced enhance the flexural 
strength of the slab sections at the yield lines (provided that the slab is not 
over- reinforced), which will cause the ultimate load of the slab to be greater 
than the ultimate load calculated using Johansen’s yield line theory. 
 
 
 
 
 
 
 
 
Applied Load 
Arching Thrust 
Fig. (3.1) Compressive Membrane (arching) action in 
laterally restrained concrete slab 
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3.3 Tensile Membrane Action:  
At larger deflections the slab edges tend to move inward and, if the 
edges are laterally restrained, tensile membrane forces are induced which 
may enable the slab to carry significant load by catenary action of the 
reinforcing steel. 
          As shown in fig. (3.2), which is atypical load-deflection curve for a 
uniformly loaded two-way rectangular slab with laterally restrained edges, 
the peak A represents the collapse load due to the fully developed yield line 
pattern, enhanced by compressive membrane forces. Trough B occurs due to 
the reduction, with increasing deflection, in the compressive membrane 
action in the central region of the slab, and its replacement by tensile 
membrane forces. Beyond B the load is carried almost entirely by the 
reinforcement acting as a plastic tensile membrane with full depth cracking 
of the concrete over the central region of the slab due to the extensive 
stretching of the slab surface. Fracture of the steel finally occurs at point c. 
 
 
 
 
 
 
 
3.4 Membrane action in simply supported slabs: 
Tests on simply supported slabs have shown that arching action must 
be completely absent in this case since the cracks are seen to extend 
throughout the full depth of the slab as the deflections increase. 
A 
B 
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ad
 
Fig. (3.2) Typical load- deflection curve for a uniformly 
loaded laterally restrained slab 
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Nevertheless, moderate increase in the collapse load can occur at large 
deflections due to a modified form of membrane action. Consider a diagonal 
section AA across the slab shown in fig. (3.3). 
 
 
 
 
 
 
 
 
 
The purely tensile forces across the center at midspan must be 
balanced by additional compressive force in concrete (which is no separated 
in the flexural compression zone) near the edges of the slab. The same 
argument applied to the diagonal BB. The bending moment across AA 
exceeds the assumed yield value near the supports since the concrete can 
resist the superimposed compression, and the tension in tested is relieved.. 
The bending moment near midspan is only slightly reduced since the 
overstressed steel can continue to yield and provide a resistance moment due 
to the increasing inclination of the member. Tests indicate that the net result 
is a moderate increase in the collapse load. 
 
3.5 membrane action and design: 
The membrane effects are difficult to consider in the design, either 
because of interdependence with adjacent parts of the slab, due to lateral 
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Fig. (3-3) Membrane action in simply supported slab 
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stiffness requirements or introduction of alternative mode of failure, or 
because of the extremely large deflections which are inevitable.  
Nevertheless, knowledge of their existence increases the confidence 
which can be placed on upper-bound yield line analysis. 
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Chapter Four 
Theoretical Analysis 
 
4.1 Introduction: 
The study of the behavior of plates up to ultimate load dates back to 
the 1920s. The fundamental concept of yield line theory of ultimate load 
design of slabs has been expanded considerably by Johansen (9) and Jones 
(10,11) and wood (11,28) . In this theory the strength of a slab is assumed to 
be governed by flexure alone. Other effects such as shear and deflections are 
considered to be fully yielded along the yield lines at collapse and the 
bending and twisting moments are assumed to be uniformly distributed 
along the yield lines. 
Actual behavior of a statically indeterminate structure is such that 
after the ultimate moment capacities at one or more sections have been 
reached, discontinuities in the elastic curve at those sections develop, and the 
results of an elastic analysis are no longer valid. Redistribution of bending 
moments throughout the structure takes place until sufficient number of 
sections of discontinuities, commonly called “plastic hinges”, form to 
change the structure into a mechanism, at which time the structure collapses 
or fails. 
               The term “ultimate load analysis” as opposed to “elastic analysis” , 
relates to the use of the bending moment diagram at the verge of collapse as 
the basis for design. 
The yield line theory is an ultimate load analysis method for one-way 
or two-way slabs. 
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For analysis of slabs at the ultimate stages, yield line theory of slabs is 
applied. Appropriate yield line patterns are assumed and the ultimate loads 
are determined using both virtual work and equilibrium methods. 
4.2 Orthotropic Slabs: 
4.2.1 Introduction: 
So far we are dealing with slabs that have had the same amount of 
bottom reinforcement in each direction at right angles to each other 
(isotropic slabs). These isotropic slabs are analyzed for the same ultimate 
positive moments, m, in each direction. In this respect the slight variation in 
their moments of resistance that would result from the differing effective 
depths is ignored. 
In the case of rectangular slabs where there is a marked difference 
between the two spans it is obviously more economical to span in the short 
direction and therefore put more reinforcement in the short direction. It is 
usual therefore to allow a greater moment, m , to develop in the shorter span 
and a lesser moment µm in the longer span. This then becomes an 
orthotropic slab, µ is the ratio at the moment capacity in the long direction to 
the moment capacity in the short direction. i.e. µ< 1. The actual value of µ 
depends on the designer’s choice for the ratio of the two moments or more 
usually, the ratio of the reinforcement areas in the two directions. At the 
relatively low levels of moments generally encountered in slabs, the moment 
capacity is directly proportional to area of reinforcement is valid. 
Orthotropic slabs can be analyzed from first principles using the 
virtual work method following the same procedures as outlined in chapter (2) 
       Analysis of orthotropically reinforced slabs from first principles can 
become somewhat tedious and difficult. This is especially so for slabs with 
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complex shapes and support configurations or slabs subjected to dominate 
point loads or line loads. These types of slabs are much more easy to analyze 
when they are assumed to be isotropically reinforced. 
 
4.2.2 Affine transformations: 
The process that allows an orthotropic slab to be analyzed as an 
equivalent isotropic slab is called affine transformation. When solved, a fine 
transformation produces a moment, m, of the same value as that of the 
original orthotropic slab. 
 
4.2.3 The rules of affine transformation: 
The rules for converting an orthotropic slab to an equivalent isotropic 
slab for the purpose of determining the ultimate moment, m, are as follows: 
(1) The defection of corresponding points in the affine isotropic slab 
are the same as the actual slab. 
(2) If the ultimate moments due to the separate bands of reinforcement 
are m and µm at any points on the actual slab, then the strength of 
the affine slab at all the corresponding points is m  all directions. 
(3) If the x-coordinate axis follows the direction of the m-
reinforcement, the overall distance measured in the x-direction, are 
the same for both slabs. 
(4) If the y-coordinate axis follows the direction of the µm – 
reinforcement in the actual slab, it should be taken at right angle to 
x-direction for the affine slab. 
(5) All distances measured; in the y-direction are obtained by dividing 
corresponding length in the actual slab by µ . 
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(6) Total load in the converted affine slab are obtained by dividing the 
total load loads in the original corresponding slab by µ . 
 
Johansen (9) conceived the concept of the affine slab which was then 
extended by Jones (10,11)  and wood (11,28). If top reinforcement is 
present, it must be parallel to the bottom ones, and furthermore the ratio 
between the bands of reinforcement, must be the same for the top 
reinforcement, these rules are shown graphically in Fig (4.1) 
 
 
 
 
 
 
 
 
 
 
 
4.3 Methods of yield line analysis: 
There are two methods of yield line analysis of slabs, the virtual work 
method and the equilibrium method as indicated clearly in chapter two. 
Based on the same fundamental assumptions, the two methods give exactly 
the same results. In either method a yield line pattern is first assumed so that 
the collapse mechanism is produced. For a collapse mechanism, rigid body 
movements of the slab segments are possible by rotation along the yield-
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m 
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lines maintaining deflection compatibility at the yield lines between the slab 
segments. 
There may be more than one possible yield-line pattern, in which case 
the solution that gives the smallest ultimate load will be chosen for the 
design. 
 
4.4 Description of slab models: 
Four identical two-way slabs were fabricated and tested under various 
end conditions, these were: 
- Simple supports at the ends (allows rotations and horizontal 
moment). 
- Fixed ends (no rotation and no horizontal movement). 
 
Group (1) (S): simply supported slabs consisted of two  types: isotropic and 
orthotropic reinforced (S1 & S2) respectively. 
Group (2) (F): Fixed supported slabs consisted also two types: isotropic and 
orthotropic reinforcement (F1 & F2) . 
 
     The slabs had the dimensions of 1540mm x 1175mm x 60 mm. Details of 
the reinforcement are shown in article (5.2). 
4.5 Application of yield line theory to slabs: 
Yield line theory is used to obtain solution of simply supported 
(isotropic and orthotropic) and fixed supported (isotropic and orthotropic) 
slabs. The solutions were given by virtual work and equilibrium method. 
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4.5.1 Data for calculation: 
Area of Reinforcement (φ5.5mm)        As = 23.76mm2  
Yield stress of reinforcement   fy  = 386 N/mm2 (from tension test of the 
reinforcement) 
Compressive strength of concrete fu = 49.5 N/mm2 (from compression test of 
concrete) 
Yield strain of concrete             ec = 0.003 
Modulus of Elasticity                Es = 20x104 N/mm2  
Overall slab thickness                h = 60mm 
 
4.5.2 Calculation of the ultimate moments of resistance for slabs: 
4.5.2.1 Simply supported slab (Isotropicaly reinforced) S1): 
Resisting moment my: 
Referring to fig. (4.2) below and (5.1.) 
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As = 17 x 23. 76 = 403.92 (see Fig. 5.1) 
b = 1470mm  d = 47mm 
T = 0.95 fy As 
 = 0.95 * 386 *403.92 
C = 0.45 x fcu b s 
 = 0.45 * 49.5 * 1470 * 0.9 x 
Equating forces: 
T = C 
0.95 * 386 * 403.92 = 0.45 * 49.5 * 1470 * 0.9 x 
x = (0.95*386*403.92)/(0.45*49.5*1470*0.9)  = 5.026mm 
S = 0.9x = .9* 5.026 = 4.52mm 
Z = d – S/2 = 47 – (4.52/2) = 44.74mm 
my = 0.95 fy As Z 
 = (0.95 * 386 *403.92 * 44.74) *10-6  
 =6.627kN.m 
my = 6.627 / 1.470  = 4.51 kN.m/m 
 
Resistance moment mx: 
 
 
 
 
 
 
As = 13 * 23.76  = 308.88mm2  
b = 1105mm d = 41mm 
T = 0.95 * 386 * 308.88 
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= 
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c
Strain Diagram 
Stress Block 
Diagram 
Slab Section 
Fig. (4.3) Slab Section Stress &Strain Diagrams 
for Resistance Moment (mx) 
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C = 0.45 fcu  b s 
 = 0.45 *49.5 * 1105 * 0.9 x 
0.95 * 386 * 308.88 = 0.45 * 49.5 *1105 *0.9 x 
 x = (0.95*386*308.88)/ (0.45*49.5*1105*0.9) 
  = 5.11 mm 
S = 0.9x = 0.9 * 5.11   = 4.6mm 
Z = d – S/2  = 41 – (4.6 / 2)  = 38.7mm 
mx = 0.95fcu  As Z 
 = (0.95*386*308.88*38.7) * 10-6  
mx = 4.383 kN.m 
mx = 4.383 / 1.105 = 3.97 kN.m/m 
 
The slight variation in resistance moment mx and my is due to the 
difference between effective depths as indicated in section 4.2.1. If  average 
effective  depth is used  in calculations  d=44 mm   my=mx=4.2 kN.m/m 
4.5.2.2 Simply supported slab (orthotropic reinforcement): (S2) 
Referring of figure (4.4) And figure (5.3). 
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Fig. (4.4) Simply Supported Slab-Orthotropicaly 
Reinforced (S2) 
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Resistance moments my: 
Resistance moment my is the same as in (S1) in section 4.5.2.1:  
                                 my = 4.51 kN.m/m 
Resistance moment mx: 
As = 10*23.76 = 237.6mm2  
b = 1105mm  d = 41mm 
T = 0.95 fy As 
    = 0.95 * 386 *237.6 
C= 0.45 *49.5 * 1105* 0.9 x 
T = C 
 0.95*386*237.6 = 0.45*49.5*1105*0.9 x 
 x= (0.95*386*237.6) / (0.45*49.5*1105*0.9) = 3.93mm 
S = 0.9x = 0.9 * 3.93 = 3.54 mm 
Z = (d – 5/2) = 41 – (3.54) / 2 = 39.23mm 
mx = 0.95 fy As Z 
 = (0.95 * 386 * 237.6 * 39.23) x 10-6   
 = 3.418 kN.m 
mx = 3.418 / 1.105 = 3.1 kN.m/m 
 
4.5.2.3 Fixed supported slab (isotropic reinforcement) F1): 
Resistance moments my,my′ 
Referring to Figure (4.5) 
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Ast = 17*23.76 = 403.92 mm2  
Asb = 17*28.27 = 403.92 mm2  
b = 1470mm 
d1 = 47mm 
d2 = 13mm 
Equating forces: 
T1 + T2 = C 
T1 = 0.95 As fy 
 = 0.95*403.92*386 = 148.12x103    (1) 
T2 = es2 Es As  
Where: es2 = [(d2 – x) / x] ec 
T2 = [(d2 – x) / x] ec  Es  As 
 = [(13 – x) /x] *0.003 * 20 * 104 *403.92   (2) 
C = 0.45 fcu b s 
 = 0.45* 49.5 * 0.9x * 1470 
  = 29.47 * 103 x                                                                   (3) 
148.12 + [(13 – x) / x] 0.003 * 20 *10* 403.92 = 29.47 x 
  29.47 x2 + 94.23x -3150.58 = 0    (4) 
T2 
ec = 0.003 
T1 
h 
= 
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 m
m
 
d 
= 
47
 m
m
 
Stress   Block 
Diagram 
es2
es1 
Strain     
Diagram
13
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m
 
Slab Section 
x
c
S 
(b) 
Fig. (4.5) Fixed Supported Slab, Isotropicaly Reinforced (F1) and Slab 
Section Stress &Strain Diagrams for (my . my′) 
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Solving equation (4) gives: 
 x = 8.86mm  S = 0.9x = 0.9 * 8.86   = 7.98mm 
Taking moments about natural axis: 
(my + my) = 0.45 fcu b s (x – S/2) + 0.95 As fcu (d1 – x) 
  + [(d2 – x) / 2] ec Es As (d2 – x) 
 = [0.45 x 49.5 * 1470 * 7.98 (8.86 – 7.98/2) 
    + 0.95 * 403.92 * 386 (47 – 8.86) 
    + [(13 – 8.86)/ 8.86] * 0.003 * 20 * 104 * 403.92 (13 – 8.86)] x10-6 
 = (1.273 + 5.649 + 0.469)  
 = 7.391  kN.m/m 
           = 7.391 / 1.470 
 = 5.03 kN.m/m 
Resistance moment mx , mx`: 
 
 
 
 
 
 
 
 
 
 
 
Asb = 13 * 23.76 = 308.88mm2  
Ast = 13 * 23.76 = 308.88 mm2  
b = 1105mm 
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d1 = 41mm 
d2 = 19mm 
Equaling forces: 
T1 + T2 = C 
T1 = 0.95 As fy 
 = 0.95 * 308.88 * 386 = 113.27 * 103      (1) 
T2 = es2 Es As 
Where: 
 Es2 = [(d2 – x) / x] ec 
T2 = [(d2 – x) / x] ec  Es  As 
 = [(19 – x) / x] * 0.003 * 20 * 104 * 308.88              (2) 
C = 0.45 fcu b s 
 = 0.45 * 49.5 * 1105*0.9x 
 = 22.15 x         (3) 
  T1 + T2 = C 
113.27 + [(19 – x) / x] * 0.003 * 20 * 10 * 308.88 = 22.15x 
22.15x2 + 72.06x – 3521.23   = 0                                                             (4) 
                                              
Solving equation (4): 
x = 11.09mm  S = 0.9x = 9.98mm 
 
Taking moment about neutral axis: 
(mx + mx') = [0.45 * 49.5 * 1105 * 9.98 (11.09 – 9.98/2) 
 +[ 0.95 * 308.88 * 386 (41 – 11.09) 
+ [(19 – 11.09) / 11.09] * 0.003 * 20 * 104 * 308.88* (19 – 11.09)] x10-6 
 =   (1.498+3.388+1.046)] 
          =  5.932  kN.m/m 
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          = 5.932 / 1.105 
 = 5.37 kN.m/m 
 
4.5.2.4 Fixed supported slab (Orthotropic reinforcement) (F2): 
Referring to Fig. (4.7) below and fig. (4.5). 
 
 
 
 
 
 
 
 
 
 
Resistance moment my , my`: 
Resistance moment (my+my`) is the same as in isotropic reinforcement 
in section 4.5.2.3   (my+my' ) = 5.03 kN.m/m 
Resistance moment mx , mx`: 
Referring to fig. (4.6) 
Asb = 10 * 23.76 = 237.6mm2  
Ast = 10 * 23.76 = 237.6mm2  
d1 = 41mm 
d2 = 19mm 
b = 1105mm 
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Fig. (4.7) Fixed Supported Slab-Orthotropicaly 
Reinforced (F2) 
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Equating forces: 
C = T1 +T2 
T1 = 0.95 fy As 
 = 0.95 * 237.6 * 386 = 87.13 * 103   (1) 
T2 = es2 Es  As 
Where: 
es2 = [(d2 – x)/ x] ec 
T2 = [(d2 – x) / x] ec  Es  As 
 = (19 – x ) * 0.003 * 20 * 104 * 237.6   (2) 
C = 0.45 fcu  b s 
 = 0.45 * 49.5 * 0.9 * 1105* x 
 = 22.15x        (3) 
  C = T1 +T2 
87.13 + [(19 – x) / x] 0.003 * 20 * 10 * 237.6 = 22.15x 
22.15x2 + 55.43x – 2708.64                                         (4) 
Solving equation (4) 
 x = 9.88mm  S = 0.9x = 8.89mm 
 
Taking moment about natural axis: 
(mx + mx’) = 0.45 fcu b s (x – S/2) + 0.95 fy As (d1 – x) 
 + [d2 – x) / x] es Es As (d2 – x) 
 = [(0.45 * 49.5 * 1105 * 8.89 (9.88 – 8.89/2) + 0.95 * 386 * 237.6* 
(41 – 9.88) + (19 – 9.88) / 9.88 * 0.003 * 20 * 104 * 237.6 (19 – 9.88)] *10 -6 
  = (1.189 + 2.711 + 1.200 )  
                     = 5.1 kN.m/m 
                     = 5.1 / 1.105 = 4.62 kN.m/m 
Table (4.1) below summaries the Ultimate moment of resistance for slabs kN.m/m 
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Table (4.1) Ultimate moment of resistance for slabs kN.m/m 
 
Slab 
Type 
my mx (my + my′) (mx + mx′) 
⎟⎠
⎞⎜⎝
⎛ ′+
⎟⎠
⎞⎜⎝
⎛ ′+
=
yy
xx
y
x
mm
mm
m
m
,µ
S1 4.51 3.97 - - 188.
51.4
97.3 ≈==µ  
S2 4.51 3.1 - - 69.
51.4
1.3 ==µ  
F1 - - 5.03 5.37 07.1
03.5
37.5 ==µ  
F2 - - 5.03 4.62 92.
03.5
62.4 ==µ  
 
4.5.3 Yield line Analysis: 
Assume a unit deflection at centre of slabs. 
 
4.5.3.1 Slab S1: 
Analysis by virtual work method: 
 
 
 
 
 
 
 
 
 
Internal work : 
m 
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Fig. (4.8) Yield Line Analysis for Slab (S1) 
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=(147x m x  1/55.25) x 2 +  ( 110.5 x m x 1/73.5)x 2 
   =5.321 m+ 3.007 m 
    =  8.33 m 
External work : 
          External  work  = Pu 
 
Wex = Win 
Pu = 8.33 m                                                                                          (4.1) 
          
Analysis by equilibrium method: 
Consider equilibrium of segment abe and cbe: 
Taking moment about ab : 
Pu/4 * (110.5 / 2)   = 147 m     
         13.81 Pu  =  147 m  
                Pu  = 10.64 m                                                                     (1)          
 Taking  moment about cb : 
(Pu/4) *(147/2)    = 110.5 m 
           18.38 Pu  =110.5 m 
           Pu = 6.01 m                                                                           (2) 
From  equation (1) & (2)  : 
          2Pu = 16.65 
           Pu = 8.33 m                                                                                    (4.2) 
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4.5.3.2 Slab S2:  
 
Referring to table (4.1) mx = 3.1 kN.m/m   my = 4.51 kN.m/m 
 
 
 
 
 
 
 
From table (4.1), the resistance moments are: 
my = 4.51 kN m/m  mx = 3.1 kN.m/m 
µ = mx/ my = 3.1 / 4.51   = .69 
To obtain the affine slab we change y dimension to: 
 cm177147*
69.
1147*1 ==µ  
Analysis by virtual work: 
Internal work : 
    = (177 x m x 1/55.25) x 2 + ( 110.5 x m x1/88.5)x 2 
     = 6.407 m  + 2.497 m 
     = 8.904 m 
External work : 
           External   work  =     Pu x    (  1/ 69. ) 
                             Wex  = Win 
                            ( 1/ 69.  )   Pu     = 8.904 m 
                                 Pu    =   7.4 m                                                        (4.3) 
a b 
c d 
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Analysis by equilibrium method: 
Consider equilibrium of segment abe and bce in equivalent isotropic slab: 
Taking  moment about ab : 
mPu 177
2
5.110*
4
.
69.
1 =
 
16.63 uP  = 177 m 
          uP  = 10.64m                                                                               (1) 
Taking  moment about  c b : 
mPu 5.110
2
177*
4
.
69.
1 =
 
26.64 uP  = 110.5m 
          uP  = 4.15  m                                                                              (2)       
From  equation   (1)  & (2) : 
  2 uP  = 14.79m   
                    uP =7.4  m                                                                             ( 4.4) 
 
4.5.3.3 Slab F1: 
Referring to table (4.1) (my+my`)= 5.03 kN. m/m, (mx+mx`)=.5.37kN. m/m 
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Fig. (4.10) Yield line analysis for slab (F1) 
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Analysis by virtual work method: 
Internal work: 
2(m`+m) * 1/73.5 * 110.5 + 2(m + m`) * 1/55.25 * 147 
 = 3.007 (m + m`) + 5.321 (m + m`) 
 = 8.33 (m + m`) 
External work:  
                External  work = Pu 
Wex= Win 
Pu = 8.33(m + m`)                     (4.5) 
 
Analysis by equilibrium method: 
Consider equilibrium of segment abe and bce: 
Taking  moment about  ab : 
  )(147
2
5.110*
4
mmPu ′+=  
             13.81 Pu = 147  (m + m') 
                    Pu =10.64 (m + m')                                                        (1) 
Taking moment about cb : 
                      )(5.110
2
147*
4
mmPu ′+=  
                 18.38 Pu   =  110.5(m + m`)  
                       Pu=6.01(m+m')                                                           (2)  
From equation  (1)  and (2) : 
                              2 Pu=16.65(m+m')    
Pu=8.33(m+m')                                                                                           (4.6) 
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4.5.3.4 Slab (F2): 
Referring to table (4.1), (my + my`) = 5.03 kN.m/m 
    (mx + mx`) = 4.62 kN. m/m 
Salmon 
 
 
 
 
 
 
 
 
 
 
 
 
 
µ = (mx + mx`)/(my + my′)= 4.62/5.03 = .92 
 
To obtain affine slab we change y dimension to: 
mm153147*
92.0
1147*1 ==µ  
Analysis by virtual work: 
Internal work: 
2(m + m`) * 1/55.25 * 153 + 2(m + m`) * 1/76.5 * 110.5 
= 5.54 (m+m`) + 2.89 (m+m`) 
= 8.43 (m+m`) 
(my + my`) = 5.03 kN. m/m 
(m
x +
 m
x`
) =
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.6
2 
kN
. m
/m
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Fig. (4.11) Yield Line Analysis and affine 
Transformation for Slab (F2) 
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External work: 
 uu pP 04.192.0
1* =  
 
Wex = Win 
92.0
1*uP =  8.43 (m+m`) 
Pu = 8.09 (m+m`)                                                                                      (4.7) 
 
Analysis by equilibrium method: 
Consider equilibrium of segment abe and bce: 
Taking moment about  ab : 
92.0
1 )(153
2
5.110*
4
mmPu ′+=  
                 14.40 Pu   =  153(m + m`)  
                   Pu=  10.63(m + m')                                                        (1) 
Taking  moment  about  cb : 
92.0
1 )(5.110
2
153*
4
mmPu ′+=  
                 19.94 Pu   =  110.5(m + m`)  
               Pu=5.54(m+m`)                                                       (2 ) 
From equation  (1)  and (2) : 
    2 Pu=16.17(m+m`) 
Pu=8.09(m+m`)          (4.8)  
    
                                      
 Table (4.2) summaries formulation of the ultimate loafs by yield line 
analysis. 
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Table (4.2) summaries formulation of the  
Ultimate loads by yield line analysis 
 
Virtual Work Method 
Equilibrium 
Method Slab Type 
Win Wex Pu Pu 
S1 8.33m Pu 8.33m 8.33m 
S2 8.909m 1.2 Pu 7.4m 7.4m 
F1 8.33 (m+m') Pu 8.33 (m+m') 8.33(m+m') 
F2 8.43(m+m') 1.04 Pu 8.09(m+m') 8.09(m+m') 
 
 
4.5.4 Determination of the theoretical ultimate loads: 
4.5.4.1 Slab S1: 
From table (4.1) and equation (4.1): 
 m = 4.51 kN. m/m 
Pu = 8.33m 
  = 8.33 * 4.51 = 37.57 kN 
4.5.4.2 Slab S2: 
 m = 4.51 kN.m/m 
 Pu = 7.4 m 
= 7.4 * 4.51 = 33.37 kN 
4.5.4.3 Slab F1: 
 (m + m`)  = 5.37 kN. m/m 
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Pu = 8.33 (m+m′) 
 = 8.33 * 5.37 
 = 44.73 kN 
 
4.5.4.4 Slab F2: 
 (m + m`) = 5.03 kN. m/m 
 
Pu = 8.09 m+m`) 
 = 8.09 * 5.03 
 = 40.69 kN 
 
Table (4.3) summaries theoretical ultimate loads for all slab   
 
 
Table (4.3) summaries theoretical ultimate load for all slabs: 
 
Slab Type Ultimate load 
Pu (kN) 
S1 37.57 
S2 33.37 
F1 44.73 
F2 40.69 
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Chapter Five 
Experimental Investigation 
 
5.1 Introduction: 
 The purpose of this experimental work is to study the validity of the 
assumption made in the yield line theory in slabs under concentrated load 
subjected at the center. Two categories of slabs are considered, simply 
supported one, consisting of two slabs; one of these slabs is isotropic and the 
other is orthotropic (Referred to as S1 & S2). The second category consisted 
of two fixed support slab; one of these slabs is isotropic and the other is 
orthotropic (Referred to as F1 & F2). 
 Four tests were conducted in order to verify the theoretical analysis of 
the previous chapter. 
 
5.2 Description of Slabs models: 
 Two groups of slab are studies, Group (S) Simply Support and Group 
(F) Fixed Support. 
5.2.1 Simply Supported Slabs (Group S): 
 This group consisted of two slabs (S1 & S2), each was simply 
supported of all edges. All slabs were of the same overall dimensions of 
1540mm × 1175mm as shown in Fig (5.1), and the thickness was 60mm.                          
Slab (S1) was isotropically reinforced as shown in Fig (5.1), this means that 
the slab has equal moment capacity per unit width in any dimension. Slab 
(S2) was orthotropically reinforced. Both Slab S1 & S2 were identically 
loaded with concentrated load. The reinforcement in this group consists of 
one layer; the percentage of steel reinforcement is approximately 0.75% in 
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the isotropic reinforcement at the bottom, and 0.65% in the orthotropically 
reinforcement at the bottom. 6mm nominal diameter bars were used, spaces 
at 80mm centre to centre both way placed parallel to all sides for isotropic 
reinforcement as shown in Fig (5.1) and Fig (5.2). For orthotropic Slab 
reinforcement φ 6mm spaced at 100 mm and 80 mm placed parallel to long 
and short sides respectively as shown in Fig (5.3) and Fig (5.4). The cover of 
reinforcement is 27.5mm for short span and 50mm for long span, and 10mm 
for the lower surface of the concrete. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig (5.1) Arrangement of Bottom Reinforcement for Isotropically Reinforced 
Simply Supported Slab (S1). 
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Fig (5.2) View of the Arrangement of the Reinforcement-Isotropically Reinforced 
Simply Supported Slab (S1). 
 
 
 
 
 
 
 
 
 
 
 
 
Fig (5.3) Arrangement of Bottom Reinforcement for Orthotropically Reinforced 
Simply Supported Slab (S2) 
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Fig (5.4) View of the Arrangement of the Reinforcement- Orthotropically 
Reinforced Simply Supported Slab (S2) 
 
5.2.2. Fixed Supported Slab (Group F): 
            This group consisted of two slabs F1 and F2, each were assumed to be 
fixed a long its all edges. Its overall dimension is 1540mm x 1175mm and 
slab thickness is 60mm. The reinforcement in this group consists of two 
layers, top and bottom reinforcement the percentage of reinforcement used 
in top & bottom is 0.75% for isotropic reinforcement and 0.65 for 
orthotropic reinforcement, 6mm diameter bar were also used and spaced the 
same as in simply support slab, as descried in section 5.2.1. The arrangement 
of the reinforcement is shown in Fig (5. 5), Fig (5. 6), Fig (5. 7) & Fig (5. 8). 
 
 80
 
 
 
 
 
 
 
 
 
 
 
Fig (5.5) Arrangement Bottom & Top Reinforcement for Isotropically 
Reinforcement Fixed Supported Slab (F1). 
 
 
Fig (5.6) View of the Arrangement of the Reinforced  
Fixed Supported Slab (F1). 
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Fig. (5.7) Arrangement of Bottom – Top Reinforcement for Orthotropically 
Reinforced Fixed Supported Slab (F2) 
 
 
Fig (5.8) View of the Arrangement of the Reinforcement for Orthotropically 
Reinforced Fixed Supported Slab (F2). 
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5.3 Manufacturing of Test Models: 
 The materials used for concrete were ordinary Portland cement 
(marine) complied with standard specifications; the consistency of the 
cement is 28% and the initial and final setting time was found 2h: 52m, 3h: 
27m respectively. Prism compression test of the cement mortar is also carried 
out and the average crushing strength from three specimens is 18.8N/ mm2 
for 2 days and 51.7 N/mm2 for 28 days (Appendix A). Sand classification 
used is Zone 2 carried out from sieve analysis test results (Appendix). The 
type of course aggregate used is crushed stones and from sieve analysis test 
was found that is grading (Appendix). Due to small dimensions and 
thickness of slabs the crushed stone used were of maximum size 10mm. 
The mix design was controlled to achieve 30 N/mm2 at 28 days 
maintain reasonable medium workability 30–60 mm and avoidance of 
excessive bleeding (Appendix). Trial mix was done to maintain that 
mentioned above. Slump test was done in trial mix and the result was 60mm. 
Also the result for crushing strength list for three specimens, the average 
value was 23.5 N/mm2 for 7 days and 43.1 mm2 for 28 days (appendix). 
From these results we conclude that the mix design is acceptable. The 
proportions of the mix were 1:1.72:2.21 by weight with a water-cement ratio 
of 0.53. 
The concrete was mixed in two batches for each model by using a 
mechanical mixer. The ingredients for each batch were: 31Kg cement 16 Kg 
water, 69 Kg gravel and 54 Kg sand. 
A mechanical mixer capacity is 250 Kg was used for mixing the 
cement, sand and gravel for about three minutes, dry mixing was done first, 
to obtain the homogeneous color of mix, and then water was added gradually 
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while the mixing was going on for about two minutes until suitable 
consistency of the mix was obtained. 
The consistency of the mix was tested by use of the ordinary. Slump 
test in truncated cone about 300 mm high, 100 mm top diameters and 150 
mm bottom diameter. 
A wooden form at the bottom used as mould for all the models and 
steel frame rectangle Hollow section (6x3mm) used as form to the sides of 
mould. The steel reinforcement was ordinary plain mild steel bars of 6mm 
diameter fixed together using wires. 
The concrete was placed in the mould within a few minutes from the 
time of final mixing, manual compaction was used to compact the concrete 
in the mould. The surface was finally finished by using steel trowels. After 
24 hours after placing the concrete, the sides of the moulds were stripped off 
and the control specimens were also removed from their moulds. 
The model was covered together with the control specimens to 
prevent evaporation of water. The mould and control specimens were cured 
by spraying water every day to date of testing. 
 
5.4 Control Test Data: 
5.4.1 Preparation of the control specimens:  
Six standard steel cubes (10x10x10mm) were casted with each model 
to ensure the quality of the concrete. The curing of these control specimens 
was done to comply with the same conditions applied to the test model and 
tested on the same day with the model. 
          Compression test of the standard cube was performed by testing 
machine. Three cubes were tested to determine the crushing strength of 
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concrete, the test results of the control specimen of concrete are given in 
Table (5.1) and (Appendix). 
 
Table 5.1 Result of Compressive strength test 28 days 
Slab Type   Load (kN)  Average Compressive Strength for 
slabs (N/mm2) 
S1 516.7 51.7 
S2 501.7 50.2 
F2 518.3 51.8 
F2 443.3 44.3 
 
5.4.2 Tension Test of Steel Reinforcement: 
Tension test was performed on three specimens of ordinary mild steel 
bars of 6mm diameter and length 600mm to determine its yield stress, 
ultimate strengths, modulus of elasticity and its deformation (percent of 
elongation). The results are given in table (5.2) and the stress strain curve in 
shown in Fig. (5.9). 
 
Table 5.2 Results of the Tension test of steel reinforcement 
Sample Yield strength  
N/mm2 
Ultimate stress 
N/mm2 
Elongation 
%  
1 393 444 53.1 
2 400 452 53.1 
3 364 413 62.5 
Average value 386 436 65.2 
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Fig.. (5.9) stress – strain curve for steel reinforcement specimens  
 
5.5 Experimental Setup: 
5.5.1 Testing Frame: 
As shown in Fig. (5.10), Fig. (5.11) and Fig. (5.12) the testing frame 
consisted of four main channels acting as stanchions and connected at top 
and bottom with four 10" deep channel sections forming a rectangular frame 
around the stanchions at a height of 80 cm above floor level. The top 
framing channels could be moved freely up or down the stanchions and 
fixed by means of 3/4" (20mm) bolts in any position to suit the height of the 
specimen. 16mm diameter bar was welded on top of each to provide a line 
support for the slabs. 
Strain x 10-4  
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Fig. (5.11) View of Testing Frame 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. (5.12) View of loading frame during testing for slab (F2) 
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5.5.2 Boundary Conditions: 
The support condition for the tested slabs were, simply supported 
edges, fixed support. 
The simply support edge boundary conditions was attained by rested 
edge of slab free on the of top flange testing frame to allow rotation to the 
slab but not to roll away as shown in Fig. (5.13) 
 
 
 
 
 
 
The Fixed support was achieved by fixed slabs to top of testing frame using 
10mm bolts spaced 12mm center to center. To increase the fixing, steel plate 
was introduced at the top of slabs. As shown in Fig. (5.14). 
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Fig. (5.15) View of Testing Frame for Fixed Support 
 
5.5.3 Loading Systems: 
5.5.3.1 Application of Concentrated Load: 
Concentrated load is subjected at the centre of slabs by means of 
manual Jack its capacity was50 tons. The load was measured by a proving 
ring of capacity 10 tons. A cylindrical steel plate of diameter 8cm was used 
to transmit the load from the Jack to the slab Fig. (5.12), the diameter of 
cylinder chosen did not affect the collapse pattern but prevented local 
crushing failure. 
 
5.6 Setup Test Models for Testing: 
The test model was taken to its position to the loading frame using 
electrical crane of capacity 50 ton. The slabs ware rested on the top of the 
testing frame for simply supported slab. In the case of fixed support, the 
slabs were fixed by bolts to the testing frame to prevent rotation and 
horizontal movement of slab during the test.  
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The model was painted with white lime water solution in order that 
the cracks were clearly observed during the test. The locations of deflection 
gauge on bottom of slabs were marked; mechanical dial gauges of 50mm 
travel length and an accuracy of 0.01mm were installed for measuring test 
model. Fig. (5.15) and Fig. (5.16) shows the position of deflection dial gauge 
for the test models. 
 
 
 
 
 
 
 
 
 
Fig. (5.16) location of deflection measuring points for slabs (S1 & S2) 
 
 
Fig. (5.17 ) View of location of Deflection 
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5.7 Procedure of Testing: 
Zero reading of the dial gauges, a proving ring were noted down. The 
load was noted down. The load was then applied gradually by manual jack 
and Load readings were taken from the proving ring. After each loading, the 
readings of deflections were recorded. The procedure was continued until 
cracks were visible and the load at which the cracks started was noted. More 
loading was then applied until the propagation of the cracks was complete 
and the yield line crack patterns were clearly exhibited. This stage was 
accompanied by excessive deflections as was clearly indicated by the 
continuous rotations of the dial gauges, and then the failure load was 
recorded. 
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5.8 Experimental Results: 
Group 1: S1 
Table(5.3 )Experimental deflection values for simply supported - 
Isotropic Reinforcement 
Date of casting 10.4 .2004             Date of testing: 9.5.2004 
Load 
(kN) 
Deflection 
(mm) 
Remarks 
 G1 G2 G3 G4 G5  
0 0 0 0 0 0  
5 1.27 1.41 0.42 0.86 0.9  
10 2.7 3.75 1.32 2.64 2.7  
15 4.41 4.5 1.88 3.2 3.13  
20 5.86 5.79 4.44 3.73 4.82 1st Bottom Crack 
25 6.7 7.46 4.99 5.13 5.61  
30 7.83 8.37 5.82 5.76 6.2  
35 10.14 9.4 6.96 6.44 6.86  
40 11.65 11.36 8.28 6.75 8.15  
45 - - - - - Failure load 
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Group 1: S2 
Table (5.4) Experimental deflection values for simply supported – 
Orthotropic Reinforcement 
 
Date of  Casting 10.4.2004       Date of Testing 8.5.2004 
Load 
(kN) 
Deflection (mm) Remarks 
 G1 G2 G3 G4 G5  
0 0 0 0 0 0  
5 0.42 0.34 0.08 0.2 0.24  
10 1.01 0.77 0.99 0.41 0.67  
15 2.07 2.57 1.75 0.9 1.41  
20 3.49 3.6 2.7 1.63 2.32 1st Bottom Crack 
22.6 4.39 4.19 3.3 2.05 2.8  
27.7 6.0 4.6 4.52 3.06 3.6  
33.9 9.44 7.7 7.98 5.58 5.36  
39 12.3 8.59 9.35 7.05 6.65 Failure load 
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Group 2:F1 
Table (5.5) Experimental deflection values for Fixed supported - 
Isotropic Reinforcement 
 
Date of casting 22.4.2004       Date of testing: 27.5.2004 
Load 
(kN) 
Deflection 
(mm) 
Remarks 
 G1 G2 G3 G4 G5  
0 0 0 0 0 0  
5 0.25 0.03 0.91 0.09 0.09  
10 0.39 1.18 1.1 0.14 0.26  
15 0.68 1.43 1.17 0.49 0.51  
20 1.2 1.84 1.44 0.99 0.93 1stbottom cracks 
25 2.02 2.49 1.97 1.34 1.55  
30 3.31 3.63 2.88 1.81 2.52  
35 4.64 4.59 3.74 2.62 3.5 1st top cracks 
40 6.76 6.18 5.27 4.49 4.96  
45 9.04 7.37 6.59 5.28 6.2  
50 12.29 10.43 7.61 6.21 8.18  
55 - - - - - Failure load 
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Group 2:F2 
Table (5.6) Experimental deflection values for Fixed supported – 
Orthotropic Reinforcement 
 
Date of Casting 25.4.2004        Date of testing: 24.5.2004  
Load 
(kN) 
Deflection 
(mm) 
Remarks 
 G1 G2 G3 G4 G5  
0 0 0 0 0 0  
5 0.18 0.04 0.08 0.17 0.1  
10 0.48 0.15 1.24 0.69 0.2  
15 0.95 0.4 1.5 0.76 0.54  
20 1.65 0.76 2.25 1.2 1.01 1st bottom cracks 
25 2.72 1.34 2.87 1.89 1.82  
30 3.97 2.07 3.69 3.66 3.12 First top cracks 
35 5 3.49 4.27 4.15 3.49  
40 8.21 5.12 3.98 6.53 5.18  
45 11.07 8.2 8.5 9.07 8.02  
50 15.35 11.08 12.58 11.74 11.21 Failure load 
55 - - - - - Punching shear  
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Chapter Six 
Observation and Analysis of Results 
6.1 Introductions: 
This chapter presents the analysis of the experimental results and 
comparison between the experimental and analytical solution using yield 
line analysis described in chapter four. The test slabs were analyzed based 
on the following information: 
• Observation of the cracks development. 
• Crack patterns, sketches of crack patterns which are 
assumed by yield line theory and compared with 
experimental crack patterns.  
• Deflection data, load-deflection curves, comparison 
between isotropic and orthotropic deflection at the same 
concentrated loads. 
• Failure load, comparison between experimental and 
theoretical failure load for different slabs. 
• Modes of failure. 
 
In addition to that, experimental results are discussed in correlation 
with theoretically anticipated values and agreements and disagreement are 
mentioned. 
 
6.2 Observation of Crack Development: 
The assumed and observed yield line crack pattern of the slabs is 
shown in fig. (6-1) – fig. (6-5) for simply supported and fixed slabs. 
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For simply supported isotropically reinforced slab (S1) the first crack 
appeared at the bottom surface at the centre of the slab, under concentrated 
load of 20 kN. Then the crack increased in width and continued to propagate 
to the corner of the supports. For the orthotropically reinforced simply 
supported slab (S2), the crack appeared at a load of 20kN and a similar 
propagation took place. 
For fixed supported-isotropic and orthotropic slabs, the first visible 
cracks appeared at the bottom at a load of 20kN, and at the top surface at  
35kN for isotropic slab. For the orthotropic slab the loads are 20kN and 
30kN respectively. 
6-3 Yield Line Patterns: 
Comparison between predicated and experimental yield line pattern is 
made. The following points are observed: 
1. For simply supported slabs isotropically and 
orthoropically reinforced slab (S1 and S2) under 
concentrated load applied at the centre, similar yield 
line patterns for predicted and experimental yield line 
pattern were observed at the bottom surface (the 
positive yield line) as shown in fig. (6-1) and fig. (6-2). 
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(b) 
Fig. (6-1) Concentrated Loaded Slab-simply  
Supported Isotropic Reinforcement (S1) 
 
(a) Theoretical yield line pattern    (b) Actual Crack Pattern on bottom surface 
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(b) 
 
Fig. (6-2) Concentrated Loaded Slab  
Supported Orthotropic Reinforcement, slab (S2) 
 
(a) Theoretical yield line pattern   (b) Actual Crack pattern on bottom surface 
 
2. For fixed supported slabs isotropically and 
orthotropically reinforced slab (F1andF2) under 
concentrated load applied at the centre, similar yield 
line patterns for predicted and experimental yield line 
pattern were observed at bottom surface (the positive 
yield line) as shown in fig. (6-4 “a-b”) and fig. (6-5"a- b”) 
 
For orthotropically reinforced fixed support which is failed by 
punching shear failure similar yield line pattern was observed at the top 
surface (the negative yield line) but it differs slightly from the theoretical 
one. As shown in fig. (6-5 “c”). 
For isotropically reinforced fixed support, the negative yield line was 
observed at the top surface only at the corner of slab and not extended to the 
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line of supports as in the theoretical yield line pattern. This disagreement is 
due to that the steel did not yet yield at top of slab because redistribution of 
moments have not yet taken place from midspan to supports so that the 
second mechanism at support is not reached, because the first mechanism at 
centre of slab is not yet complete. According to that mentioned above the 
orthotropic slab which failed by punching failure, gives similar negative 
yield line patterns for theoretical and experimental yield line pattern . 
 
 
 
 
 
Fig (6.3) Failure mechanism of fixed support 
 
 
 
 
 
 
 
 
 
(a) 
 
First mechanism Second 
mechanism 
(Positive yield line) (Negative yield line) 
1470 mm 
11
05
 m
m
 
 101
 
 
(b) 
 
 
(c) 
Fig.( 6-4) Concentrated loaded slab-fixed  
supported isotropic reinforcement (F1) 
 
(a) Theoretical yield line pattern (b) Actual Crack bottom on bottom 
surface 
(c) actual crack pattern on top surface. 
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(a) 
 
 (b) 
 
(c) 
Fig. (6-5) Concentrated Loaded 
Slab Fixed Support-orthotropic Reinforcement (F2) 
 
a) Theoretical Yield line Pattern          b) Actual Crack Pattern on Bottom Surface  
c) Actual Crack Pattern on Top Surface  
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6-4 Ultimate Loads: 
A comparison between the theoretical and experimental results of slabs is 
shown in table is shown in table (6-1), the following points are observed: 
1. For the simply supported isotropically reinforced concrete slab under 
concentrated load, the ratio between experimental and theoretical 
ultimate load results was 1.20, and for orthotropically reinforced 
concrete slab it was 1.17. 
2. For the fixed supported isotropially reinforced concrete slab under 
concentrated load, the ratio between experimental and theoretical 
ultimate load was 1.23, and for orthotropically reinforced concrete it 
was 1.23. 
3. The difference between the theory and tests result at ultimate loads in 
simply supported slabs is small and mainly on the conservative side. 
4. The results in fixed supported slab (isotropic and orthotropic 
reinforcement) shows a significant increase in stiffness and load 
carrying capacity of reinforced concrete slabs as a results of 
compressive membrane action imposed by horizontal restraints. The 
experimental results shows 28% increase in peak loads between the 
simply supported and fixed slab. 
5. For simply supported slab, isotropic reinforcement the ratio between 
first cracking load (first yielding of steel) to the ultimate load was 
0.44 for orthotropically reinforced it was 0.51. 
6. For fixed supported slab, isotropic reinforcement the ratio between 
first cracking loads to the ultimate load was 0.36, and for 
orthotopically reinforced slab was 0.30. 
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Table (6-1) Test Variable and Comparison of Results 
 
Slabs 
group 
Slabs 
No. 
(Mark) 
Dimension 
(Lx*Ly*h) 
cm 
Type 
of 
load 
Support 
condition
Type of 
Reinforcement
fcu 
N/mm2 
fy 
N/mm2 
Pck 
(kN) 
Pexp 
(kN) 
Ptheo 
(kN) Pexp/Ptheo Pck/Pex
Deflection 
at Failure 
Load 
(mm) 
Failure 
Mode 
S1 154x117.5x6 CON. S/S Iso 51.7 386 20 45 37.57 1.20 0.44 11.65 Steel Yielding 1 
S2 154x117.5x6 CON. S/S Ortho 50.2 386 20 39 33.37 1.17 0.51 12.3 Steel yielding 
F1 154x117.5x6 CON. F/E Iso 51.8 386 20 55 44.73 1.23 0.36 12.29 Steel yielding 
2 
F2 145x117.5x6 CON. F/E Ortho 44.3 386 20 50 40.69 1.23 0.30 15.35 
Steel 
yielding 
+ 
Punching 
Shear 
 
Notes: 
S/S: Simply supported                        F/F: Fixed End.               Pexp.: Experimental Failur Load          fcu.: Compressive strength of concrete 
Ptheo: theoretical Failure Load   fy.: Tensile Stress of Reinforcement   CON.: Concentrated Load 
Iso.: Isotropic Reinforcement   Ortho: Orthotropic Reinforcement   Pck: Experimental Cracking 
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6-5 Deflection: 
1. Comparing the valves of the maximum deflections (at midspan) for 
the simply supported slab with isotropic and orthotropic 
reinforcement under the same concentrated loads, it is observed 
that the deflections of the latter cases are always greater than those 
for the former. The increase in deflection is due to the fact that for 
the orthotropic slabs the amount of reinforcement has been reduced 
appreciably resulting in the reduction of the flexural rigidity of the 
slab as shown in table (5.3)and (5.4). 
2. Comparing the values of the maximum deflections for the isotropic 
and orthotropic, fixed supported slabs under the same concentrated 
loads. It is observed that the deflections of the latter are always 
greater than those for the former. Table (5.5) and (5.6) shows the 
values of maximum deflection (at midspan) for slabs at the same 
concentrated load for fixed support. 
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A typical load-deflection curve obtained from experimental results can be 
seen in Fig. (6-6), Fig. (6-7), Fig. (6-8), Fig. (6-9) and Fig. (6-10) 
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Fig. (6-6) 
Load-deflection Curves for Simply Supported-Isotropic  
Reinforced Slabs (S1) 
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Fig. (6-7) 
Load-Deflection Curves for Simply Supported- Orthotropic  
Reinforced Slabs (S2) 
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Fig. (6-8) 
Load-Deflection Curves for Fixed Supported- Isotropic 
Reinforced Slabs (F1) 
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Fig. (6-9) 
Load-Deflection Curves for Fixed Supported-Orthotropic 
Reinforced Slabs (F2) 
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Fig. (6-10) 
Load-Deflection Curves for Slabs (at midspan) 
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Chapter Seven 
Conclusion and Recommendations 
 
7.1 Conclusion: 
For experimental and analytical studies the following conclusions have been 
drawn: 
1. It appeared from table (6-1) that the difference between the 
experimental and theoretical failure loads using yield-line theory 
ranged from (17% to 23%). This is satisfactory and lies on the safe 
side. 
2. The ratio of the first crack load to the experiment failure load 
ranges between (0.30 – 0.51) and the ratio of cracking load to 
experimental failure load is smaller in simply supported slab 
compared with fixed slab. 
3. Similar yield line patterns for theoretical and experimental cases 
were observed at bottom surface of the slab as shown in fig. (6-1) 
– fig. (6-4), but differ slightly at top surface. 
4. A significant increase in load carrying capacity of fixed supported 
slabs (isotropic and orthotropic reinforcement) is due to 
compressive membrane action imposed by horizontal restraints. 
5. In the case of concentrated loads, there was a tendency for simple 
straight line patterns to form rather than for fan mechanism. 
6. Yield line theory gives a safe estimate of the ultimate load of a 
slab but the designers should never lose sight of serviceability 
requirements. Therefore, reinforcement arrangements which are 
very different for elastic theory are not desirable because they may 
lead to extensive cracking at the service load. 
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7. The results for the experimental work also showed that failure 
mechanism changed from flexure to punching shears failure, as a 
result of the increase capacity of the slabs due to the membrane 
action. 
8. The values of maximum deflection (at midspan) for simply 
supported and fixed slabs with isotropic and orthotropic 
reinforcements under the same concentrated loads is smaller in the 
case of isotropic reinforcement slab as shown in Table (5-3) to (5.6). 
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7-2 Recommendations: 
1. For the results obtained, it is recommended that the yield-line 
theory can be applied for slabs to obtain the load carrying capacity. 
2. It is recommended that in structural designs of such slabs special 
attention should be paid to the central portions, and that 
appropriate reinforcement must be provided. 
3. Yield line theory concerns itself only with the ultimate limit state. 
The designers must ensure that relevant serviceability requirements 
particularly the limit state of deflection and cracking are satisfied. 
4. Yield line theory leads to slabs that are quick and easy to design. 
There is no need to resort to computer for analysis or design the 
resulting slabs are thin regular arrangement. Above all, yield line 
design generates very economic concrete slab, because it considers 
features at the ultimate limit state. 
5. Yield line theory used on all types of slab and loading 
configuration that would otherwise be very difficult to be analyzed 
without sophisticated computer program. It can deal with opening, 
holes, irregular shapes and with any support configuration. The 
slabs may be solid, voided, ribbed or conversed, and supported on 
beams, columns or walls. 
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Appendix 
 
Testing of Material 
 
Sieve Analysis Test 
According to: BS 410 
Type of Aggregate: Fine aggregate 
Location: Western Omdurman 
Date of Testing: 10/3/2004. 
B. S 
Sieve size 
Retained 
By weight (gm) 
% age Retained 
By weight (gm) 
% age Passing 
By weight (gm) 
5.0 - 0 % 100 
2.36 14.9 3 % 97 
1.18 119.5 24.2 % 75.8 
0.6 256.2 51.9 % 48.1 
0.3 377 76.4 % 23.6 
0.15 465 94.2 % 5.8 
Pan 493.6 100 0 
 
Remarks: Zone 2 
                Total Weight = 493.6 gm. 
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Sieve Analysis Test 
 
According to: BS 410 
Type of Aggregate: course aggregate - crushed 
Location: Western Omdurman 
Date of Testing: 1/4/2004.. 
B. S 
Sieve size (mm) 
Retained 
By weight (gm) 
% age Retained 
By weight (gm)   
% age Passing 
By weight (gm) 
50 0 0 % 100 
37.5 0 0 % 100 
20 0 0 % 100 
14 0 0 % 100 
10 305 10.3 % 89.7 
5 2585 87.5 % 12.5 
Pan 2955 100 0 
 
Remarks: Total Weight = 2955 gm. 
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Mix Design 
According to : DOE  Mix  Design Method 
Stage Item Reference 
of 
calculation 
Values 
1 
1-1 Characteristic strength 
1-2 Standard deviation  
1-3 Margin 
1-4 Target mean strength 
1-5 Cement type 
1-6 Aggregate: Coarse  
       Aggregate fine 
1-7 Free-water/cement ratio 
1-8 Maximum free-water/cement 
ratio 
Specified  
Fig. 3 
C1 
C2 
Specified 
 
Table 2, Fig. 4 
Specified   
30 N/mm2 at 28 days 
8 N/mm2 
K = 1.64  1.64*8 = 13.12 
30+13.12 = 44 N/mm2  
OPC 
Crushed aggregate 
 
0.53 
2 
 Slump or V-B  
 Maximum aggregate size 
 Free-water content 
Specified  
Specified 
Table 3 
Slump (30-60) mm V-B (3-6) 
sec 
3/8" (10mm) 
230 kg/m3  
3 
 Cement content  
 Maximum cement content 
 Minimum cement content 
C3 
Specified 
Specified 
230 / 0.53 = 434 kg/m3  
4 
4.1  Relative density of 
aggregate 
4.2  Concrete density 
4.3  Total aggregate content 
 
 
Fig. 3 
C4 
2.7 Kg/m3  
2375 Kg/m3  
2375 – 230 – 434 = 1711 kg/m3  
5 
 Grading of fine aggregate 
 Proportion of fine aggregate  
 Fine aggregate content 
 Coarse aggregate content 
BS 882 
Fig. 6 
 
C5 
C5 
Zone two 
44% 
 
0.44*1711 = 752.8 kg/m3  
1711 – 752.8 = 958 kg/m3  
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Quantities of Material for Trial and Mix Design 
 
Quantities Cement 
(kg) 
Water 
(kg) 
Fine  
Aggregate (kg) 
Course  
aggregate (kg) 
per m3  435 230 750 960 
per trial mix of 0.006m3  2.6 1.4 4.5 5.8 
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Compressive Strength Test Results 
 
 
Type of 
slump Slump 
Compressive strength for 7 days Compressive strength for 28 days 
No of 
specimen 
Weight Laod 
(kN) 
Compressive 
strength 
No of 
speed 
Weight Load 
(kN) 
Compressive 
stress 
1 2.555 230 23 1 2560 447 44.7 
2 2.600 240 24 2 2590 421 42.1 
3 2.575 235 23.5 3 2660 425 42.5 
Trial mix 
design 
Date of 
casting 
3,4,2004 
50 
Average 23.5 Average 43.1 
1 2.385 310 31 1 2530 490 49 
2 2.345 305 30.5 2 2550 500 50 
3 2.360 295 29.5 3 2550 515 51.5 
S1 
Date of 
casting 
10.4.2004 
55 
Average 30.3 Average 50.2 
1 2.400 285 28.5 1 2530 535 53.5 
2 2.340 300 30 2 2525 505 50.5 
3 2.350 280 28 3 2540 510 51.0 
S2 
Date of 
casting 
10.4.2004 
 
55 
Average 28.8 Average 51.5 
1 2540 370 37 1 2505 520 52 
2 2520 360 36 2 2490 525 52.5 
3 2545 390 39 3 2530 510 51.0 
F1 
Date of 
casting 
29.4.2004 
 
60 
Average 37.3 Average 51.8 
1 2530 210 21 1 2535 440 44 
2 2555 235 23.5 2 2540 440 44 
3 2534 235 23.5 3 2550 450 45 
F2 
Date of 
casting: 
25.4.2004 
 
50 
Average 22.7 Average 44.3 
 
* Area = 100 Cm2 
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Tensile Test Results for Steel Specimens 
 
Length of specimens 60 Cm 
Date of testing: 24.3.2004 
 
Specimen No. Load (Tons) Elongation 
0.0 1695 
0.2 1730 
0.4 1760 
0.6 1789 
0.8 1817 
0.92 1995 “y” 
1.04 Ultimate load 
 
1 
 
Dia = 5.46mm 
Area = 23.41 mm2 
Elongation 34/64” 
0.0 1960 
0.2 1710 
0.4 1730 
0.6 1760 
0.8 1790 
0.92 1825 “y” 
1.04 Ultimate load 
 
2 
 
 
dia = 5.41 mm 
area = 22.99mm2  
Elongation 34/64” 
0.0 1460 
0.2 1490 
0.4 1520 
0.6 1545 
0.8 1575 
0.9 1595 “y” 
1.02 Ultimate load 
 
3 
 
 
dia = 5.61 mm 
area = 24.75mm2  
Elongation 40/64” 
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Result of the Tension Test of the Steel Reinforcement 
 
Sample fy N/mm2 fult N/mm2 % Elongation 
1 393 444 53.1 
2 400 452 53.1 
3 364 413 62.5 
Average value 386 436  
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Stress – Strain Curve Data 
 
Specimen No. (1.1) 
 
Area = (5.462 * π) / 4 = 23.41 mm2  
L = 600mm 
Elongation = 53.13% 
 
Load (Ton) Elongation 
(∆L)mm 
Load 
(N) 
Stress 
N/mm2 
Strain 
ε = (∆L) / L 
0.0 0 0.0 0.0 0.0` 
0.2 0.07 2000 85.0 1.17 * 10-4  
0.4 0.13 4000 173 2.17 * 10-4 
0.6 0.19 6000 256 3.17 * 10-4 
0.8 0.24 8000 342 4.0 * 10-4 
0.92 (y) 0.9 9200 393 4.5 * 10-4 
1.04 Ultimate 10400 444 - 
 
 
 
Specimen No. (2.1) 
 
Area = (5.412 * π) / 4 = 22.99 mm2  
L = 600 mm 
Elongation = 53.13% 
 
Load (Ton) Elongation 
(∆L) mm 
Load 
(N) 
Stress 
N/mm2 
Strain 
ε = (∆L) / L 
0.0 0.0 0.0 0.0 0.0` 
0.2 0.04 2000 86.99 0.667 * 10-4  
0.4 0.08 4000 173.99 1.33 * 10-4 
0.6 0.14 6000 260.98 2.33 * 10-4 
0.8 0.20 8000 347.98 3.33 * 10-4 
0.92 (y) 0.27 9200 400.17 4.5 * 10-4 
1.04 Ultimate 10400 433.51 - 
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Specimen No. (3) 
 
Area = (5.61 * π) / 4 = 24.72 mm2  
L = 600 mm 
Elongation = 62.5% 
 
Load (Ton) Elongation 
(∆L)mm 
Load 
(N) 
Stress 
N/mm2 
Strain 
ε = (∆L) / L 
0.0 0.0 0.0 0.0 0.0` 
0.2 0.06 2000 80.9 1 * 10-4  
0.4 0.12 4000 161.8 2 * 10-4 
0.6 0.17 6000 242.72 2.83 * 10-4 
0.8 0.23 8000 323.62 3.83 * 10-4 
0.92 (y) 0.27 9200 364.08 4.5 * 10-4 
1.04 Ultimate 10200 412.62 - 
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Testing of Cement 
 
Consistency and initial and final setting test 
 
Weight of cement = 400g 
 Weight of Water = 28g 
Time of starting 10: 28 
 
Starting time 10h : 28m Initial and final 
setting time 
Consistency 
Initial setting 1h : 20m 2h: 52m % 28 
Final setting 1h : 55m 3h : 27m % 28 
 
 
Initial setting time 2h : 52m 
Final setting time 3h : 27m 
 
Date of testing 17.3.2004 
 
 
Strength of Cement 
 
Prisms compression test 
Weight of sand 1350g 
Weight of cement 450g 
Weight of water 225g 
 
Date of casting 15.3.2004  11 : 10   m 
 
Type of cement : Ordinary Portland cement (Marin) 
 
Result of 2 days: Area of Prism = 40 * 40 = 1600 mm2  
 
Specimen No. Load 
(kN) 
Stress 
N/mm2 
1 30 18.8 
2 31 19.4 
3 2.9 18.1 
Average value  18.8 
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Date of testing 17/3/2004 
 
Result of 28 days:  Area of prism = 1600 m2  
 
Specimen No. Load 
(KN) 
Stress 
N/mm2 
1 82 51.2 
2 83 51.9 
3 83 51.9 
Average value  51.7 
 
 
